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a b s t r a c t

We consider a Schrödinger–Poisson system in R3 with potential indefinite in sign and a
general 4-sublinear nonlinearity. Its variational functional does not satisfy the Palais–Smale
condition in general. We use a finite-dimensional approximation method to obtain a se-
quence of approximate solutions. Then we prove that these approximate solutions con-
verge weakly to a nontrivial solution of this system.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction and statement of results

In this paper, we consider the Schrödinger–Poisson system
−∆u + V (x)u + φu = f (x, u), in R3,

−∆φ = u2, in R3.
(1.1)

For V and f , we assume

(v). V ∈ C(R3) is a bounded function in R3. Consider the following increasing sequence λ1 ≤ λ2 ≤ · · · of minimax values
defined by

λn = inf
V∈Vn

sup
u∈V , u≠0


R3 |∇u|2 + Vu2dx

R3 u2dx

where Vk denotes the family of k-dimensional subspaces of C∞

0 (R
3). Denote

λ∞ = lim
n→∞

λn.

Then λ∞ is the bottom of the essential spectrum of −∆+ V if it is finite and for every n ∈ N the inequality λn < λ∞

implies λn is an eigenvalue of −∆+ V of finite multiplicity (see [1,2]).
We assume there exists k ≥ 1 such that

λk < 0 < λk+1. (1.2)

(f1). f ∈ C(R3
× R) and there exist p ∈ (2, 6) and C > 0 such that for all (x, t) ∈ R3

× R,

|f (x, t)| ≤ C(1 + |t|p−1).
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(f2). f (x, t) = o(t) as t → 0 uniformly in x ∈ R3.
(f3). lim sup|t|→+∞

F(x,t)
t4

≤ 0 uniformly in x ∈ R3.
(f4). there exists 0 < h < λ∞ such that 4F(x, t) ≤ tf (x, t)+ ht2 for all (x, t) ∈ R3

× R.

By elementary computations, one can see that the function

f (u) = F ′(u)with F(u) = βu ln(1 + |u|3), u ∈ R

fulfills the conditions (f1)–(f4) if β is a sufficiently small positive number.
Our main result reads as follows:

Theorem 1.1. Suppose that (v), and (f1)− (f4) are satisfied, then the problem (1.1) has a nontrivial solution.

Problem (1.1) arises in quantummechanics and is related to the study of the nonlinear Schrödinger equation for a parti-
cle in an electromagnetic field or the Hartree–Fock equation. For a more detailed physical background of the Schrödinger–
Poisson, readers can refer to [3,4] and the references therein.

This system has attracted considerable research attention in the recent decade. Many mathematical studies have been
devoted to the case infR3 V > 0. There are many results on existence, nonexistence or multiplicity of solutions for (1.1)
under this case. One can refer to [5,6,3,7–17,4,18,19], and [20–22].

In a very recent paper [23], Chen and Liu studied the problem (1.1) in the case that the potential V is indefinite in sign.
They assume that V satisfies
(v′) V ∈ C(R3) is bounded from below and, µ(V−1(−∞,M]) < ∞ for every M > 0, where µ is the Lebesgue measure on

R3. Moreover, the operator −∆+ V has negative eigenvalues,

and f satisfies (f1), (f2) and the following two assumptions

(f′3) . lim|t|→∞
F(x,t)
t4

= +∞ uniformly in x ∈ R3.
(f′4) . there exists h > 0 such that 4F(x, t) ≤ tf (x, t)+ ht2 for all (x, t) ∈ R3

× R.

They proved that under these assumptions, the variational functional related to (1.1) (see (2.1) of Section 2) satisfies the
Palais–Smale condition (see, for example, [24]). Then they used the classical local linking theorem to obtain a nontrivial
solution of (1.1). However, under our assumptions on V , the variational functional related to (1.1) does not satisfy the
Palais–Smale condition in general. Therefore, the classical critical point theory, such as the linking theorems, cannot be
applied directly. To overcome this difficulty, we restrict the variational functional in a sequence of increasing finite dimen-
sional spaces of H1(R3) and prove that in every such subspace, the restricted functional achieves its minimizer. Finally and
interestingly, we prove that these minimizers can converge weakly to a nontrivial critical point of the variational functional
and then we get a nontrivial solution of (1.1).

2. Proof of Theorems 1.1

Let H1(R3) be the standard Sobolev space with norm ∥u∥ = (


R3(|∇u|2 + u2)dx)1/2. For u ∈ H1(R3), it is well known
(see, for example, Theorem 2.2.1 of [25]) that the Poisson equation

−∆φ = u2

has a unique solution

φ(x) = φu(x) =
1
4π


R3

u2(y)
|x − y|

dy in D1,2(R3).

Let

Φ(u) =
1
2


R3


|∇u|2 + V (x)u2 dx +

1
4


R3
φuu2dx −


R3

F(x, u)dx, u ∈ H1(R3) (2.1)

where

F(t) =

 t

0
f (x, τ )dτ .

Under the assumptions (v) and (f1)–(f4),Φ is a C1 functional in H1(R3). The derivative ofΦ is given by

⟨Φ ′(u), v⟩ =


R3
(∇u∇v + V (x)uv)dx +


R3
φuuvdx −


R3

f (x, u)dx, ∀u, v ∈ H1(R3).

It is easy to see that if u is a critical point ofΦ , then (u, φu) is a solution of (1.1).
Let Y1 be the space spanned by the eigenfunctions with corresponding eigenvalues less than λ∞. Let {ψ1, . . . , ψn, . . .} be

an orthogonal normal basis of Y1 withψi the eigenfunctions. Let Y2 be the orthogonal complement space of Y1 in X = H1(R3)
and {e1, . . . , en, . . .} be an orthogonal normal basis of Y2. For every n ∈ N, let Xn = span{ψ1, . . . , ψn, e1, . . . , en} and
Φn = Φ|Xn , the restriction ofΦ in Xn.
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