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1. Introduction and main result

Consider the following nonlinear problem:

{—u(t) = f(t,u(t)) ae.tel0,T] 1)
u(0) — u(T) = u(0) — i(T) =0

whereT > 0andf : [0, T] x R —> Ris a continuous function.
Under various conditions, it has been proved that problem (1) has at least one solution by the variational methods (see
[1-5]). Suppose that the nonlinearity f (¢, x) is bounded, that is, there exists g € L'(0, T; R") such that

If(t,x)] < g(t)

forallx € Rand t € [0, T]. ]. Mawhin and M. Willem [1] proved the existence of one solution for problem (1) under the
condition that

r
/ F(t,x)dt > —o0
0
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as |x| — oo, or that
T
/ F(t,x)dt - +oo
0
as |x| — oo, where F(t, x) = foxf(t, s)ds is the potential.

Recently, Tang [3] generalizes this condition to the case that f is sublinear, that is, there exist constants C;, C; > 0 and
o € [0, 1[, such that

IF (€, )] < G| + G (2)
forallx € Rand t € [0, T]. Under the condition that

T
|x|_2°‘/ F(t, x)dt - —o0
0
as |x| — oo, or that
T
|x|*2°‘f F(t, x)dt — +oo
0

as |x|] — oo, Tang proves that there exists at least one periodic solution. In this paper, we consider that the potential oscillates
between these two conditions and show that there are infinitely many solutions. Our main result is the following theorem.

Theorem 1. Suppose that f (t, x) satisfies (2). Assume further that

T
lim sup/ F(t, x)dt = +o0 (3)
x—to0 Jo
and that
T
lim inf |x| ~2* / F(t, x)dt = —o0. (4)
x—+o00 0

Then,

(I) there exists a sequence of solutions (u,), each of them is a minimax type critical point of the functional ¢, and ¢ (u,) — 00,
asn — oo;

(IT) there exists another sequence of solutions (uy), each of them is a local minimum point of the functional ¢, and ¢ (u;) —
—00, asn — oo.

Corollary 1. Suppose that f (t, x) satisfies (2). Assume further that

T
lim sup |x|‘2"‘/ F(t, x)dt = +o0 (5)
x—+o0 0
and that
T
liminf|x|‘2"‘/ F(t, x)dt = —c0. (6)
x—+o0 0

Then,

() there exists a sequence of solutions (u,), each of them is a minimax type critical point of the functional ¢, and ¢ (u,) — +00,
asn — oo;

(IT) there exists another sequence of solutions (u};), each of them is a local minimum point of the functional ¢, and ¢ (u}) —
—00, asn — oo.

Remark 1. This paper is motivated by [6] where the authors consider two point boundary value problems and assume the
nonlinearity to be bounded. Theorem 1 gives new results for problem (1). Specially, when f (t, x) = g(x) + h(t), problem
(1) becomes the Duffing equation. In this case Theorem 1 also gives new solvability conditions for the Duffing equation. On
the other hand, there are functions F(t, x) satisfying Theorem 1 and not satisfying assumptions of the previous results. For
example, let =  and

F(t, %) = (sinx)|x|> + h(t)x
where h € L'(0, T; R).
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