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1. Introduction

The following third order boundary value problem

")+ A+ DFf" () + 221 = f'(m)f' (n) =0 onR* = [0, 00), (1.1)
f(0)=0, f/(0)=1+¢candf (c0) =1 (1.2)

arises in the study of planar mixed convection boundary layer flows [1,2], where A is the external temperature parameter of
flows, ¢ is the mixed convection parameter, that is, ¢ = R,/P, where R, is the Rayleigh number and P, is the Péclet number.
The problem (1.1)-(1.2) with A > 0 (A = 0, A < 0) corresponds to the ascending (a constant, the descending) of external
temperature of flows respectively; the problem (1.1)-(1.2) with e > 0 (¢ = 0, & < 0) corresponds to the aiding (the forced,
the opposing) mixed convection respectively.

Very recently, authors [3] proved analytically the existence and nonexistence of convex solutions of (1.1)-(1.2) when
A > 0and ¢ < —1 via studying the existence of positive solutions for the integral equation (see (2.1)). The other study only
treated the cases of A = 0 or ¢ > —1. For example, Guedda [4] for —1 < A < 0and —1 < ¢ < %; Brighi and Hoernel [5]
for A > 0,—1 < ¢ < 0and ¢ > 0. The problem (1.1)-(1.2) with A = 0 is the well-known Blasius equation, one may refer
to [6,7] and the references therein.

In this paper, we extend the existence of convex solutions of (1.1)-(1.2) [3-5] to A < 0 and ¢ < —1, that is, we shall
prove the following result.

Theorem 1.1. For (1, &) € A*, the problem (1.1)-(1.2) has a solution f € C3(R*), where

3(1+ 31)2

* _1 — — : i -
A _{()\78)€< 3,0)><( 00, —1) : A and ¢ satisfy TS
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2. Proof of Theorem 1.1

Let
A= {(k, B) € (—%,0) x (—00, 0) : A and B satisfy « (1, ) > 0} ,

where k (1, ) = 3¢*(A) — 1288% + 2287 and ¢(1) = 3 (see Fig. 1).
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Fig. 1. Figure of A—the shaded region.

Remark 2.1. Let 8 = 1+ ¢, itis clear that (A, &) € A* ifand only if (A, 8) € A.
Like Theorem 2.1 [3], we prove the following.
Theorem 2.1. For (A, 8) € A, the following integral equation
z(t) = p(MAz(t) + (1 —)Bz(t), B=t=1 (2.1)
has a solutionz € C[B, 1] with z(t) > 0 for t € [B, 1), where A and B are defined by

1 _ t
Az(t) :/ sA =9 ds and Bz(t) :/ g fort e [B,1).
t B

z(s) z(s)
Proof. Let
A) — 382
o0 p =M o pea
30(L) — /K (X,
= V3p () 16vfc( ﬁ)’ (. B) e A.

Then the following facts hold:
(P1)0 < Cp = ﬁ%c(k) < \]/T?
(P)o(X, B) > Cf,ﬂ.

e —3p8%2+283
(PB) f(g( ) + /gq‘;ﬂ

In fact, (A, B) € Aimplies 8 < 0and0 < ¢(A) < 1.Byx (X, B) < 3¢%(1), we see G.p>0andcp <
(Py) holds. x (A, B) = 0and B < 0imply 3p?(1) > 12842, and we conclude therefore that

g =3 _ ¢() =3 X 5¢° (M) _ ¢?0) =3 x 50’ (D) _ 119¢7()
6 = 6 = 6 768

392
256

= Crp-

Ve _ 3
16 < 16 Le.,

o(x,B) =

It follows from (P;) that ci g < and then (P,) holds. By direct verification, we know that (P3) holds.

Notation
K={z:zeC[B, 1], |zl <R},

where R = W, and C[B, 1] is the space of continuous functions on [8, 1] with the norm ||z|| = max{|z(t)| :
t € C[B, 11}, ’
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