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1. Introduction

In this note, we analyze the convergence of the lowest order nonconforming and mixed finite element approximations
to low-regularity solutions of the model problem

{—div(AVu) =f, in, )
u=20, on ds2
where A = (ay)szl is a given symmetric matrix function with real-value entries oij, 1 < i, j < 2andf € 12(£2). For
simplicity, we assume «;; are piecewise constant functions. We assume that the matrix A is uniformly positive definite in £2.

It is known that the above problem admits a unique solution u € H'*5(£2) N H&(Q) with s > 0, see [1]. However, in
this work, we are only interested in the regularity with 0 < s < % which are frequently met in the interface problems or
problems with nonsmooth coefficients or boundaries. In the case of conforming finite element methods approximation of
(1), by Cea’s Lemma [2], the error estimate in H' norm is bounded by the approximation errors of the finite element spaces,
which can assure an O(h®) convergence rate in H! norm. While in the case of nonconforming finite element methods, the
usual way to estimate the energy norm is by use of the second Strang’s Lemma [2], where both the approximation error
and the consistency error are involved. According to the classical theory developed in [3,2], the consistency error is often
estimated on the edges of the elements, which results in the requirement of the regularity u € H'*5(£2) withs > % Such
requirement is also needed in the error estimate of H(div) mixed finite element methods because of the associated definition
of the H(div) interpolation operator, see [4-6].

The aim of this paper is twofold: firstly, it shows that the consistency error of the lowest order nonconforming finite
element method can be controlled by its approximation error; secondly, it proves error estimates of the nonconforming and
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mixed finite element methods under low regularity u € H'*(2) with0 < s < % Some contents of this paper are taken
from [7]. Furthermore, the convergence is also obtained even if s = 0.

2. Error estimate for nonconforming finite element methods

Throughout this paper, we will adopt the standard conventions for Sobolev norms and seminorms. Let g, be a regular
triangulation (cf. [3,2]) of £2, with each element K being an open triangle of size hx, h = maxgeg, hx. All the edges and
vertices of the mesh are denoted by &, and £, respectively. VE € &, let Ky, K; € gp, such that E = K; N K. We define the
jumps and averages of the function v on E by

1
[l = v 1| — v 2, (v} = E(Ukl e + 0" 2[p),

where v = v, i =1, 2.

LetV = H(} (£2), the standard variational form of (1) is: Find u € V such that
(AVu,Vv) = (f,v), VYvelV. (2)
Let V), denote the associated nonconforming finite element space over g,. We set the discrete norm as || - || =
(ZKE% | - %_K)% . The well-known nonconforming P; triangle finite element space proposed in [8] reads as

Vi = {Uh S LZ(Q), vh|K (S P](K), VK € 3}1, /[Uh]EdS =0, VE € 8h} .
E

We consider the nonconforming finite element approximation of (2): Find u, € V}, such that
ap(up, vp) = (f, vp), Vop € Vj (3)
with ay (up, vy) = ZKE% fK (AVup) Vupdx. The second Strang Lemma (cf. [3,2]) gives

) |En(u, wy)|
lu —upllp < C{ inf |u—vyllp+ sup ———— (4)

vpEVR wpeVy\{0} ” Wh ” h
where Ej (u, wy) = ap(u — up, wy) denotes the consistency error.

In what follows, we shall prove that this consistency error is bounded by the approximation error, up to an arbitrary
high order term! To this end, we need to introduce some quasi-interpolation operators, which can also be found in [9,7].
Given a fixed integer k > 2, let X,ff be the associated k-th order Lagrange Py finite element space, then there exists a quasi-
interpolation operator [T} : Vj — X such that for any v; € Vi,

0, ifaeds2,
Vae P, M@ =] & @l (5)
— . else,
N(a)
/Hflfvhq ds = /{Uh}Eq ds, Vq € Py»(E), VE € &, (6)
E E
H}'fvhqu: / vhqd X, Vq € Py_3(K), VK € Zs, (7)
K K
llon — MEvnllh x + hg [TTEval3 ¢ < Chglvnlf oer VK € i (8)

where wj is the union of all the elements sharing a as one of their vertices with N(a) as its corresponding cardinality, wy is
the patch of elements adjacent to the triangle K.

Theorem 2.1. Let u and uy, be the solution of (2) and (3), respectively, for any k > 2, we have

1
2
lu —unlly < v’ggghnu—vhnw(Zhi inf ||f—p||é,,<> : 9

Kegn pEPk—3(K)

Proof. By the formulation (3) and the variation formulation (2), with any v, € V}, we can derive

Ep(u, wp) = ap(u — up, wy) = ap(u, wy) — (f, wp)
an(u, wy — Tfwy) — (F, wy — MTfwy)

an(u — vp, wy — Tfwy) + ap(vy, wy — Tfwy) — (F, wp — TEwy). (10)
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