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1. Introduction and preliminaries

Alber and Guerre-Delabrere [1] introduced the concept of weakly contractive mappings and proved that weakly
contractive mapping defined on a Hilbert space is a Picard operator. Rhoades [2] proved that the corresponding result is
also valid when Hilbert space is replaced by a complete metric space. Dutta et al. [3] generalized the weak contractive
condition and proved a fixed point theorem for a selfmap, which in turn generalizes Theorem 1in [2] and the corresponding
result in [1]. The study of common fixed points of mappings satisfying certain contractive conditions has been at the center
of vigorous research activity. The area of common fixed point theory, involving four single valued maps, began with the
assumption that all of the maps commuted. Introducing weakly commuting maps, Sessa [4] generalized the concept of
commuting maps. Then Jungck generalized this idea, first to compatible mappings [5] and then to weakly compatible
mappings [6]. There are examples that show that each of these generalizations of commutativity is a proper extension
of the previous definition. On the other hand, Beg and Abbas [7] obtained a common fixed point theorem extending weak
contractive conditions for two maps. In this direction, Zhang and Song [8] introduced the concept of a generalized ¢- weak
contraction condition and obtained a common fixed point for two maps. In 2009, Pori¢ [9] proved a common some fixed
point theorem for generalized (1, ¢)- weakly contractive mappings. Abbas and Pori¢ [10] obtained a common fixed point
theorem for four maps that satisfy a contractive condition which is more general than that given in [8].

Existence of fixed points in partially ordered metric spaces was first investigated in 2004 by Ran and Reurings [11], and
then by Nieto and Lopez [12]. Further results in this direction under weak contraction conditions were proved, e.g. [13,7,
14-17,2].

Recently, Radenovi¢ and Kadelburg [ 17] presented a result for generalized weak contractive mappings in partially ordered
metric spaces.

The aim of this paper is to initiate the study of common fixed points for four mappings under generalized weak
contractions in complete partially ordered metric space. Our result extend, unify and generalize the comparable results
in[7,9,3,8].

* Corresponding author.
E-mail addresses: mujahid@lums.edu.pk (M. Abbas), talat@lums.edu.pk (T. Nazir), sradenovic@mas.bg.ac.rs, radens@beotel.rs (S. Radenovic).

0893-9659/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2011.03.038


http://dx.doi.org/10.1016/j.aml.2011.03.038
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:mujahid@lums.edu.pk
mailto:talat@lums.edu.pk
mailto:sradenovic@mas.bg.ac.rs
mailto:radens@beotel.rs
http://dx.doi.org/10.1016/j.aml.2011.03.038

M. Abbas et al. / Applied Mathematics Letters 24 (2011) 1520-1526 1521
Consistent with Altun [ 18] the following definitions and results will be needed in what follows.

Definition 1.1 ([18]). Let (X, <) be a partially ordered set. A pair (f, g) of selfmaps of X is said to be weakly increasing if
fx < gfxand gx < fgx forallx € X.
Now we give a definition of partially weakly increasing pair of mappings.

Definition 1.2. Let (X, <) be a partially ordered set and f and g be two selfmaps on X. An ordered pair (f, g) is said to be
partially weakly increasing if fx < gfx for all x € X.
Note that a pair (f, g) is weakly increasing if and only if ordered pair (f, g) and (g, f) are partially weakly increasing.
Following is an example of an ordered pair (f, g) of selfmaps f and g which is partially weakly increasing but not weakly
increasing.

Example 1.3. Let X = [0, 1] be endowed with usual ordering and f,g : X — X be defined by fx = x*> and gx = /x.
Clearly, (f, g) is partially weakly increasing. But gx = /x £ x = fgx for x € (0, 1) implies that (g, f) is not partially weakly
increasing.

Definition 1.4. Let (X, <) be a partially ordered set. A mapping f is a called weak annihilator of g if fgx < x for all x € X.

Example 1.5. Let X = [0, 1] be endowed with usual ordering and f, g : X — X be defined by fx = x*, gx = x>. Obviously,
fex = x® < xforall x € X. Thus f is a weak annihilator of g.

Definition 1.6. Let (X, <) be a partially ordered set. A mapping f is called dominating if x < fx for each x in X.

Example 1.7. Let X = [0, 1] be endowed with usual ordering and f : X — X be defined by fx = x3. Since x < X3 = fx for
all x € X. Therefore f is a dominating map.

Example 1.8. Let X = [0, co) be endowed with usual ordering and f : X — X be defined by fx = /x for x € [0, 1) and
fx =x"forx € [1, 00), for any n € N. Clearly, for every x in X we have x < fx.

Example 1.9. Let X = [0, 4], endowed with usual ordering. Let f, g : X — X be defined by

0, ifxe[0,1) 0, ifx=0
_ )1, ifxe[1,3] _ )1, ifxe (0,1]
FO=13" itxe34 S0 =13 ifxe(1.3]
4, ifx =4, 4, otherwise.

The pair (f, g) is partially weakly increasing and the dominating map g is a weak annihilator of f.

Theorem 1.10 ([8]). Let (X, d) be a complete metric space, and let f,g : X — X be two self~-mappings such that for all
X,y € Xd(fx, gy) < M(x,y) — ¢(M(x,y)), where ¢ : [0, c0) — [0, 00) is a lower semicontinuous function with ¢(t) > 0 for
t € (0, +00) and ¢(0) = 0,

d(x, d(fx,
M(x,y) = max {d(x, ¥), d(fx, x), d(gy, y), (xgy)—zi-(fxy)} )

Then there exists a unique point u € X such that u = fu = gu.

Definition 1.11 (/9]). The control functions v and ¢ are defined as

(a) ¥ : [0, 00) — [0, c0) is a continuous nondecreasing function with ¢ (t) = 0 ifand only if t = 0,
(b) ¢ : [0, 00) — [0, 00) is a lower semicontinuous function with ¢(t) = 0 if and only if t = 0.

A subset W of a partially ordered set X is said to be well ordered if every two elements of W are comparable.
2. Common fixed point results
We start with the following result.
Theorem 2.1. Let (X, <, d) be an ordered complete metric space. Let f, g, S and T be selfmapsonX, (T, f) and (S, g) be partially

weakly increasing with f (X) C T(X) and g(X) C S(X), dominating maps f and g are weak annihilators of T and S, respectively.
Suppose that there exist control functions ¥ and ¢ such that for every two comparable elements x, y € X,

Y (d(fx, gy)) < ¥ (M(x,¥)) — p(M(,y)), (2.1)
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