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1. Introduction

Let #¢ and X be Hilbert spaces over the same field. We denote the set of all bounded linear operators from # into X by
B(H, X)and by B(F) when # = K.ForA € B(H#, K),let A*, R(A) and N (A) be the adjoint, the range and the null space
of A, respectively. The Moore-Penrose inverse (for short MP inverse) of T € 8(#, X) is denoted by Tt € B8(X, #), and
it is the unique solution to the following four operator equations:

IXT =T, XIX =X, X = (TX)*, XT = (XT)*. (1)
It is well known that T has the MP inverse if and only if R(T) is closed (see [1]). An element T € B(J¢) whose spectrum

o (T) consists of the set {0} is said to be quasi-nilpotent. The generalized Drazin inverse (for short GD inverse) (see [1,2])
is the element T¢ € B(H) such that

T =717, TT%=T9  T—T®T? isquasi-nilpotent. (2)
Itis clear that Tt = T? = T~ if T € B(H) is invertible.
In the late 1940s and the 1950s Sherman and Morrison [3], Woodbury [4], Bartlett [5] and Bodewig [6] discovered

the following result. The original Sherman-Morrison-Woodbury (for short SMW) formula has been used to consider the
inverse of matrices. In this paper, we will consider the more generalized case.

Theorem 1.1 (Sherman-Morrison-Woodbury). Let A € B(J#) and G € B(K) both be invertible,and Y,Z € B(K, #). Then
A+ YGZ* is invertible iff G 4+ Z*A~'Y is invertible. In which case,

A+YCZH T =A"1—A"lY(G +Z*A7 YY) 127 A7 (3)

The operator YGZ* in Theorem 1.1 is referred to as the update operator to the initial operator A. The SMW formula has
been used in a wide variety of fields. An excellent review by Hager [7] described some of the applications to statistics,
networks, structural analysis, asymptotic analysis, optimization and partial differential equations (see [8,9]). The objectives
of this paper are to generalize the SMW formula to the cases when A and A+ YGZ* are not invertible. The MP inverse and the
GD inverse of a modified operator (see [2]) A+ YGZ* can be expressed in terms of generalized SMW forms being established.
As a consequence, our results generalize the results of Chen Xuzhou in [10].
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2. Main results

First, we generalize the SMW formula to the case when A and G are MP invertible. The following lemma is well known
and can be found in [1] and [10, Lemma 1].

Lemma 2.1. If A € B(¥#) and P = P?> € B(¥) then
(i) A=A+ RA) C R(P),
(ii) AP = A < N (P) C N(A).

Theorem 2.1. et A € B(#),G € B(K)andY,Z € B(K, #) such that R(A) and R(G) are closed, also let B = A + YGZ*
and S = G + Z*ATY such that R(S) and R(B) are closed. If

RAY) C R(B*), NA)CNB), NGHCNY) and N(S*) C N(G), (4)
then (A + YGZ*)* = At — ATY(GT + Z*A*Y)+Z*A*.

Proof. Since R(AT) = R(A*) C R(B*) = R(B'B) and N (AAT) = N(A*) C N(B*) = N (B'), by Lemma 2.1, we get
B*BAT = At and BFAA™ = B*. Hence,

BTY + BT (B—A)ATY = ATY.

From B — A = YGZ* and & (G*) C N (Y), by Lemma 2.1 again, we get BYYGG" + BYYGZ*ATY = A"Y, i.e, BtYGS = A™Y.
The condition & (S*) C N (G) implies that B'YG = BTYGSS™ = ATYS™. Since B = A + YGZ*, we have BTBAT =
BTAAT + BtYGZ*A™. Hence, by (4),

BT = AT —BTYGZ*AT = AT — ATYSTZ*AT = AT —ATY(GT + Z*ATY)TZ*AT. O
In Theorem 2.1, if S and G are invertible, we can get the following simple result.

Corollary 2.1. Let A € B(H#), G € B(K)and Y,Z € B(K, #) such that R(A) is closed and G is invertible, also let
B=A-+YGZ*andS = G~' 4 Z*ATY such that R(B) is closed and S is invertible. If

R(A*) C R(B*) and N(A*) C N(BY),
then (A 4 YGZ*)* = A* — ATY(G™' 4 Z*ATY)~1Z*A™.
As in [11], My, » denotes the space of complex-valued m x n matrices and, when m = n, this is shortened to M,. When
G = I and #, X are finite dimensional complex spaces, the condition that S is invertible in Corollary 2.1 can be dropped
and Corollary 2.1 reduces to the following result, which is the generalization of Theorem 1 in [10].
Corollary 2.2. Let A,B € Mpn, Y € MpsandZ € My . If B=A+ YZ* and
R(A*) C R(B*) and N (A") C N(B),
then I + Z*A*Y is invertible, in which case (A + YZ*)* = A* —AtY(I 4+ Z*ATY)"1Z*A™.
Proof. Since R(A*) C R(B*) and N (A*) C N (B*), by the proof of Theorem 2.1, we have
B* =AY —B'YZ*A* and B'Y =A'Y —BTYZ*A'Y.

Hence BTY(I +Z*ATY) = ATY.Ifx € NI +Z*A1Y), thenx = —Z*ATYx = —Z*BTY(I + Z*ATY)x = 0, which implies that
I + Z*A*Y is nonsingular and BYY = A*Y(I + Z*A*Y)~1. So

Bt = At — BtYZ*AY = Bt = AT —ATY(U + Z*ATY)"'Z*AT. O

Theorem 2.2. et A € B(H),G e B(K)andY,Z € B(XK, #) such that R(A) and R(G) are closed, also let B= A + YGZ*
and S = G + Z*ATY. If the range of R(S) is closed and

N(A) C N(Z"), N(G") C N(Y), N(S) C N(Y),
R(Z*) C R(GY), R(Z*) C R(S), R(Y) C R(A),

then (A + YGZ*)* = At — ATY(GT + Z*AtY)+Z*A*.
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