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a b s t r a c t

In this paper, we introduce and investigate an interesting subclass H
h,p
Σ of analytic and

bi-univalent functions in the open unit disk U. For functions belonging to the class H
h,p
Σ ,

we obtain estimates on the first two Taylor–Maclaurin coefficients |a2| and |a3|. The results
presented in this paperwould generalize and improve some recentwork of Srivastava et al.
[H.M. Srivastava, A.K. Mishra, P. Gochhayat, Certain subclasses of analytic and bi-univalent
functions, Appl. Math. Lett. 23 (2010) 1188–1192].

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction and definitions

Let R = (−∞, ∞) be the set of real numbers, C be the set of complex numbers and

N := {1, 2, 3, . . .} = N0 \ {0}

be the set of positive integers. We let A be the class of functions of the form:

f (z) = z +

∞
n=2

anzn, (1)

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}.

We denote by S the subclass of the normalized analytic function class A consisting of all functions in A which are also
univalent in U (see, for details, [1,2]; see also some of the recent investigations [3–8], dealing with various interesting
subclasses of the analytic function class A and the univalent function class A).

It is well known that every function f ∈ S has an inverse f −1, which is defined by

f −1f (z) = z (z ∈ U)
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and

f −1f (w)


= w


|w| < r0(f ); r0(f ) =

1
4


.

In fact, the inverse function f −1 is given by

f −1(w) = w − a2w2
+ (2a22 − a3)w3

− (5a32 − 5a2a3 + a4)w4
+ · · · .

A function f ∈ A is said to be bi-univalent in U if both f (z) and f −1(z) are univalent in U. Let Σ denote the class of all
bi-univalent functions in U given by the Taylor–Maclaurin series expansion (1). Examples of functions in the class Σ are

z
1 − z

, − log(1 − z),
1
2

log

1 + z
1 − z


,

and so on. However, the familiar Koebe function is not a member of Σ . Other common examples of functions in S such as

z −
z2

2
and

z
1 − z2

are also not members of Σ .
Lewin [9] first investigated the bi-univalent function class Σ and showed that

|a2| < 1.51.

Subsequently, Brannan and Clunie [10] conjectured that

|a2| 5
√
2.

Netanyahu [11], on the other hand, showed that

max
f∈Σ

|a2| =
4
3
.

The coefficient estimate problem for each of the following Taylor–Maclaurin coefficients:

|an| (n ∈ N \ {1, 2})

is presumably still an open problem. In [12] (see also [13] and [14]), certain subclasses of the bi-univalent function class Σ

were introduced, and non-sharp estimates on the first two coefficients |a2| and |a3| were found.
Recently, Srivastava et al. [15] introduced the following subclasses of the bi-univalent function class Σ and obtained

non-sharp estimates on the first two coefficients |a2| and |a3|.

Definition 1 (See [15]). A function f (z) given by the Taylor–Maclaurin series expansion (1) is said to be in the class
Hα

Σ (0 < α 5 1) if the following conditions are satisfied:

f ∈ Σ and
argf ′(z)

 5
απ

2
(z ∈ U; 0 < α 5 1) (2)

and argg ′(w)
 5

απ

2
(w ∈ U; 0 < α 5 1), (3)

where the function g is given by

g(w) = w − a2w2
+ (2a22 − a3)w3

− (5a32 − 5a2a3 + a4)w4
+ · · · . (4)

Theorem 1 (See [15]). Let the function f (z) given by (1) be in the bi-univalent function class Hα
Σ (0 < α 5 1). Then

|a2| 5 α


2

α + 2
and |a3| 5

α(3α + 2)
3

. (5)

Definition 2 (See [15]). A function f (z) given by the Taylor–Maclaurin series expansion (1) is said to be in the class
H

β
Σ (0 5 β < 1) if the following conditions are satisfied:

f ∈ Σ and ℜ

f ′(z)


> β (z ∈ U; 0 5 β < 1) (6)

and

ℜ

g ′(w)


> β (z ∈ U; 0 5 β < 1), (7)

where the function g is defined by (4).
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