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a b s t r a c t

Efficient open dominating sets in bipartite Cayley graphs are characterized in terms of
covering projections. Necessary and sufficient conditions for the existence of efficient open
dominating sets in certain circulant Harary graphs are given. Chains of efficient dominating
sets, and of efficient open dominating sets, in families of circulant graphs are described as
an application.
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1. Introduction

The terminology and notation in this paper follows that found in [1]. Cayley graphs are excellent models for
interconnection networks and hence much investigated in connection with parallel processing and distributed computing.
The concept of domination for Cayley graphs has been studied by various authors and one can refer to [2–5]. Dejter and
Serra [2], and Huang and Xu [4] obtained some results on efficient dominating sets for Cayley graphs, whereas Obradovic̆
et al. [5] studied efficient dominating sets in circulant graphs with two chord lengths. The existence of an independent
perfect dominating set in a Cayley graph on an abelian group has been studied by Lee [3]. Tamizh et al. [6–8] studied some
domination parameters such as domination, independent domination, connected domination and total domination for some
classes of circulant graphs.

Let G = (V , E) be a simple graph. For a vertex v ∈ V (G), the degree, open neighborhood and closed neighborhood are
denoted by d(v),N(v) and N[v] = N(v) ∪ {v}, respectively. A set S ⊆ V is called a dominating set if every vertex v ∈ V − S
is adjacent to a vertex u ∈ S. The domination number γ (G) of G equals the minimum cardinality among all dominating sets
in G [1] and a corresponding dominating set is called a γ -set. A set S ⊆ V is called a total dominating set if every vertex
v ∈ V is adjacent to a vertex u(≠ v) ∈ S. The total domination number γt(G) equals the minimum cardinality among all
total dominating sets in G [1] and a corresponding total dominating set is called a γt-set. Note that, if G is a k-regular graph,
then a vertex can dominate k vertices and hence γt(G) ≥

|V (G)|

k .
A dominating set S is said to be a perfect if |N(v) ∩ S| = 1 for every vertex v ∈ V − S [2]. A dominating set S is said to

be independent if no two vertices of S are adjacent. A dominating set, which is both perfect and independent, is called an
efficient dominating set [2]. Equivalently, a set S ⊆ V is an efficient dominating set if for every vertex v ∈ V , |N[v] ∩ S| = 1.
A set S ⊆ V is an efficient open dominating set if for every vertex v ∈ V , |N(v) ∩ S| = 1 [1]. A paired dominating set S is a
special case of a total dominating set in which the subgraph induced by S is a matching [9]. An efficient open dominating
set is a special case of a paired dominating set. Note that, if S is an efficient open dominating set, then |S| is even and we can
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write S = A ∪ B with |A| = |B| =
|S|
2 such that every edge of the induced subgraph ⟨S⟩ has one end in A and another end

in B.
Let Γ be a group with e as the identity element of Γ and X be a generating set of Γ such that e ∉ X and X = X−1

=

{x−1/x ∈ X}. A Cayley graph G = Cay(Γ , X) is a graph with V (G) = Γ and E(G) = {(x, xa)/x ∈ V (G), a ∈ X}. Since X is a
generating set of Γ , Cay(Γ , X) is a connected regular graph of degree |X |.

A graph G̃ is called a covering graph of Gwith covering projection f : G̃ → G if there is a surjection f : V (G̃) → V (G) such
that f |N(ṽ) : N(ṽ) → N(v) is a bijection for any vertex v ∈ V (G) with ṽ ∈ f −1(v). A covering projection f : G̃ → G is said to
be am-fold covering projection if f is m-to-one.

We will show that a bipartite Cayley graph G has an efficient open dominating set if and only if it is a covering graph
of Kn,n for some integer n ≥ 1. We characterize some classes of circulant Harary graphs which admit efficient dominating
sets. Finally, we construct chains of efficient dominating sets, and of efficient open dominating sets, in families of circulant
graphs as an application of covering projection. Throughout this paper, V (Kn,n) = (Y , Z), where Y={y1, y2, . . . , yn} and
Z = {z1, z2, . . . , zn}. We list below Theorems 1–3. Theorem 1 gives a necessary and sufficient condition for the existence
of an efficient dominating set in a Cayley graph. In Section 2, we generalize the theorem for the existence of an efficient
open dominating set in a bipartite Cayley graph and use Theorems 2 and 3 in what follows. In our results, we employ proof
techniques used in [3] with necessary modifications.

Theorem 1 (Lee [3]). Let p : G̃ → G be a covering projection and let S be a perfect dominating set of G. Then p−1(S) is a perfect
dominating set of G̃. Moreover, if S is independent, then p−1(S) is independent.

Theorem 2 (Haynes et al. [1]). If G has an efficient open dominating set S, then |S| = γt(G) and all efficient open dominating
sets have the same cardinality.

Theorem 3 (Jia Huang and Jun-Ming Xu [4]). Let G be a k-regular graph. Then γ (G) ≥
n(G)

k+1 , with the equality if and only if G has
an efficient dominating set. In addition, if G has an efficient dominating set, then every efficient dominating set must be a γ -set,
and vice versa.

2. Efficient open dominating sets in bipartite Cayley graphs

In this section, we characterize bipartite Cayley graphs which admit efficient open dominating sets.

Lemma 4. Let X = {x1, x2, . . . , xn} be a generating set of a groupΓ and S be an efficient open dominating set of G = Cay(Γ , X).
Then we have the following:

(a). For each i with 1 ≤ i ≤ n, xiS is an efficient open dominating set in G.
(b). {Sx1, Sx2, . . . , Sxn} is a vertex partition of G.

Proof. (a) Note that, for each v ∈ V (G), we have an automorphism defined by fv(w) = vw for all w ∈ V (G). Since the
automorphic image of an efficient open dominating set is also an efficient open dominating set, xiS is an efficient open
dominating set in G for 1 ≤ i ≤ n.

(b) Since S is a total dominating set, every v ∈ V (G) is adjacent to some vertex s ∈ S and so v = sxi for some s ∈ S and
xi ∈ X . This means that V (G) = Sx1 ∪ Sx2 ∪ · · · ∪ Sxn. Since G is n-regular and S is an efficient open dominating set,
|S| =

|V (G)|

n and so |V (G)| = n|S|. Since |S| = |Sx1| = |Sx2| = · · · = |Sxn|, {Sx1, Sx2, . . . , Sxn} is a vertex partition of
G. �

Lemma 5. Let S1, S2, . . . , Sn be pairwise disjoint efficient open dominating sets of a graph G and G̃ be the subgraph of G, induced
by S1 ∪ S2 ∪ · · · ∪ Sn. Let m =

|S1|
2 . If G̃ is bipartite, then there exists a m-fold covering projection from G̃ onto Kn,n.

Proof. As G̃ is bipartite, let G̃ = (M,N) be a bipartition of V (G̃). Note that each edge of ⟨Si⟩ has one end in M and the other
end in N . LetMi = Si ∩M and Ni = Si ∩N for 1 ≤ i ≤ n. Since each Si is an efficient open dominating set in G̃, each vertex of
Mi is adjacent with exactly one vertex of Nj for all jwith 1 ≤ j ≤ n and each vertex of Ni is adjacent with exactly one vertex
ofMj for all jwith 1 ≤ j ≤ n. Let V (Kn,n) = (Y , Z), where Y = {y1, y2, . . . , yn} and Z = {z1, z2, . . . , zn}.

Define f : G̃ → Kn,n by f (x) = yi if x ∈ Mi and f (x) = zi if x ∈ Ni. Let v ∈ V (Kn,n). If v = zi, then f −1(v) = Ni and
N(v) = {y1, y2, . . . , yn}. Let ṽ ∈ f −1(v) = Ni. Since each vertex of Ni is adjacent with exactly one vertex of Mj for all j with
1 ≤ j ≤ n, it follows that N(ṽ) = {β1, β2, . . . , βn}, where βj ∈ Mj for 1 ≤ j ≤ n. By the definition of f , f (βj) = yj, for
1 ≤ j ≤ n. From this, one can conclude that f |N(ṽ) : N(ṽ) → N(v) is a bijection, when v = zi. A similar proof follows for the
case v = yi. Sincem =

|S1|
2 = |M1| = |N1|, by Theorem 2, we have |Si|

2 = |Mi| = |Ni| = m for each iwith 1 ≤ i ≤ n and so f
is anm-fold covering projection from G̃ onto Kn,n. �

From Lemmas 4 and 5, we have the following corollary.
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