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a b s t r a c t

In this work we give a negative answer to a conjecture proposed by B. Ricceri in the
reference [B. Ricceri, A remark on a class of nonlinear eigenvalue problems, Nonlinear Anal.
69 (2008) 2964–2967] for a class of nonlinear elliptic eigenvalue problems.

© 2009 Elsevier Ltd. All rights reserved.

The aim of the present work is to give a negative answer to the conjecture proposed by Ricceri [1] for a class of nonlinear
elliptic eigenvalue problems.
Ricceri [1] dealt with the following eigenvalue problem:{
−∆u = λf (u) inΩ,
u = 0 on ∂Ω, (Pλf )

whereΩ ⊂ RN is a bounded smooth domain, λ ∈ R, f : R→ R is continuous and f (0) = 0.
Since f (0) = 0, 0 is a solution of (Pλf ) for each λ ∈ R. Define

Λf = {λ > 0 | (Pλf ) has at least one non-zero classical solution}.

For fixed L > 0, define

BL = {f | f : R→ R is Lipschitzian with Lipschitz constant L and f (0) = 0},

CL =

{
f | f ∈ BL and sup

ξ∈R

∫ ξ

0
f (t)dt = 0

}
.

Let λ1 be the first eigenvalue for the problem{
−∆u = λu inΩ,
u = 0 on ∂Ω. (1)

As usual, we adopt the convention inf∅ = +∞.
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Sato and Yanagida [2] proved the equality

inf
f∈BL

infΛf =
λ1

L
. (2)

Ricceri [1] proved the inequality

inf
f∈CL
infΛf ≥

3λ1
L

(3)

and proposed the following conjecture:

Conjecture ([1]). For every L > 0, one has

inf
f∈CL
infΛf =

3λ1
L
. (4)

In [3] the author has proved the following result.

Proposition 1 ([3], Theorem 3). For every L > 0, one has that 3λ1L 6∈ Λf for all f ∈ CL.

As was mentioned in [3], after proving Proposition 1, Ricceri’s conjecture is still open. It is proved in [3] that, if we use
the Carathéodory function f (x, u) instead of f (u) in the problem (Pλf ), then the corresponding Ricceri-type conjecture is
correct. The main result of the present work is the following theoremwhich gives a negative answer to Ricceri’s conjecture.

Theorem 1. For every L > 0, one has

inf
f∈CL
infΛf >

3λ1
L
. (5)

The nonlinear eigenvalue problems of the form (Pλf ) have been studied extensively and many interesting results for
various f have been obtained. The equality (2) established by Sato and Yanagida [2] for the classBL gives the precise value
of inff∈BL infΛf , which is a fine result. CL is a special subclass ofBL. For example, the function f (t) = − sin t belongs to C1.
Studying the precise value of inff∈CL infΛf is interesting. Our Theorem 1 gives a negative answer to the Ricceri’s conjecture
but does not give the precise value of inff∈CL infΛf . The inequality (5) is valid for any bounded smooth domainΩ; however,
perhaps the precise value of inff∈CL infΛf is dependent onΩ .
Note that, by the regularity results (see e.g. [4]), when f ∈ BL, every weak solution of (Pλf ) is a classical solution. Because

f
L ∈ C1 for f ∈ CL, we only need to prove Theorem 1 in the case of L = 1.
The following result revealing the properties of the elements in C1 is proved in [3].

Lemma 1 ([3], Lemma 3). For every f ∈ C1, one has that
f (ξ)
ξ
≤
1
3 for all ξ ∈ R \ {0}, and the equation f (ξ)

ξ
=

1
3 has at most

one positive solution and one negative solution.

It follows from Lemma 1 that, for every f ∈ C1 there holds

f (ξ)ξ ≤
1
3
ξ 2, ∀ξ ∈ R. (6)

Remark 1. We point out that inequality (3), proved by Ricceri [1], can be obtained from (6). Indeed, in order to prove (3)
with L = 1 we can argue by contradiction. Assume that there exists f ∈ C1 and λ < 3λ1 such that λ ∈ Λf . Then (Pλf ) has a
non-zero solution u. Thus, by (6) and λ < 3λ1, we have that∫

Ω

|∇u|2 dx = λ
∫
Ω

f (u)udx ≤
λ

3

∫
Ω

|u|2 dx < λ1

∫
Ω

|u|2 dx,

which contradicts the fact that λ1 is the first eigenvalue of (1).

The following lemma can be proved immediately from the definition of C1 and hence the proof is omitted here.

Lemma 2. Let f ∈ C1 and t > 0. Set g(ξ) =
f (tξ)
t for ξ ∈ R. Then g ∈ C1.

Proof of Theorem 1. We only prove Theorem 1 in the case of L = 1. Arguing by contradiction, assume that

inf
f∈C1
infΛf = 3λ1.

Then there are {fn} ⊂ C1, {µn} ⊂ (0,+∞) and {un} ⊂ H10 (Ω) \ {0} such that µn → 3λ1 as n→∞ and

−∆un = µnfn(un) inΩ for n = 1, 2, . . . .
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