Applied Mathematics Letters 22 (2009) 64-69

. . . . EAPPT
Contents lists available at ScienceDirect (ritatae s,

Applied Mathematics Letters

journal homepage: www.elsevier.com/locate/aml | MEE"

Boundary value problem for a coupled system of nonlinear fractional
differential equations

Xinwei Su
Department of Mathematics, China University of Mining and Technology, Beijing, 100083, People’s Republic of China

ARTICLE INFO ABSTRACT

Article history: In this work we discuss a boundary value problem for a coupled differential system of
Received 27 May 2007 fractional order. The differential operator is taken in the Riemann-Liouville sense and the
Received in revised form 10 February 2008 nonlinear term depends on the fractional derivative of an unknown function. By means of
Accepted 6 March 2008

Schauder fixed-point theorem, an existence result for the solution is obtained. Our analysis
relies on the reduction of the problem considered to the equivalent system of Fredholm
integral equations.

Keywords:

Coupled system
Boundary value problem
Fractional derivative
Existence

Green'’s function
Growth condition
Fixed-point theorem

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

We consider a boundary value problem of the coupled system

Du(t) = f(t, v(t), D*v(t)), O0<t<1,
DPv(t) = g(t, u(t), D'u(t)), 0 <t<1, (1.1)
u(0) =u(1) =v(0) =v(1) =0,

where 1 < o,8<2,u,v>0,a—v>1,8—pu>1,f,g:[0,1] x R x R — Rare given functions and D is the standard
Riemann-Liouville differentiation.

Fractional differential equation can describe many phenomena in various fields of science and engineering such as
control, porous media, electrochemistry, viscoelasticity, electromagnetic, etc. There are a large number of papers dealing
with the solvability of nonlinear fractional differential equations. The papers [3-7] considered boundary value problems
for fractional differential equations. In [7] the authors investigated the existence and multiplicity of positive solutions for a
Dirichlet-type problem of the nonlinear fractional differential equation

Diu(t) +f(tu(®) =0, 0<t<1,
u(0) =u(1) =0,
where 1 < a < 2 is areal number, f : [0, 1] x [0, 00) — [0, co) is continuous and D, is the fractional derivative in the
sense of Riemann-Liouville. Because Riemann-Liouville differentiation is not suitable for non-zero boundary values, Zhang,

by means of the method of Laplace transforms and fixed-point theorems on a cone, discussed the existence of solutions for
nonlinear fractional differential equations with Caputo’s derivative and non-zero boundary values in [5,6] respectively. The

E-mail addresses: kuangdasuxinwei@163.com, xinweisu@sohu.com.

0893-9659/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2008.03.001


http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:kuangdasuxinwei@163.com
mailto:xinweisu@sohu.com
http://dx.doi.org/10.1016/j.aml.2008.03.001

X. Su / Applied Mathematics Letters 22 (2009) 64-69 65

study of a coupled differential system of fractional order is also very significant because this kind of system can often occur
in applications [9-11]. In [8], Bai established the existence of a positive solution to a singular coupled system of fractional
order.

It is worth mentioning that the nonlinear term in the papers [5-8] is independent of the fractional derivative of the
unknown function. But the opposite case is more difficult and complicated and this work attempts to deal exactly with this
case. The plan of our work is as follows. In the next section, we prepare some material needed to prove our result. The last
section is devoted to the existence of solutions for system (1.1).

2. Preliminaries

For completeness, in this section, we recall some definitions and fundamental facts of fractional calculus theory, which
can be found in [1,2].

Definition 2.1. The fractional integral of order & > 0 of a function f : (0, c0) — R is given by

1S
1o = r'(a) Jo (t—s)l—‘)‘d

)

provided that the integral exists.

Definition 2.2. The fractional derivative of order & > 0 of a continuous function f : (0, co) — R is given by

710 = (@) || st

where n = [@]+ 1 and [«] denotes the integral part of number «, provided that the right side is pointwise defined on (0, o).

Remark 2.1. The following properties are useful for our discussion: I*I’f(t) = I*tAf(t), D*I*f(t) = f(t),a > 0,8 > 0, f €
L(0, 1); I*D*f(t) = f(t),0 < o < 1, f(t) € C[0, 1] and D*f(¢t) € C(0, 1) N L(O, 1); I* : C[0, 1] — C[O, 1], « > 0.

3. Main results

In this section, we impose growth conditions on f and g which allow us to apply the Schauder fixed-point theorem to
establish an existence result for solutions for problem (1.1).

Let I = [0, 1] and C(I) be the space of all continuous real functions defined on I.

First of all, we present the Green’s function for system (1.1).

Lemma 3.1. Let ¢(t) € C(I) be a given function and 1 < « < 2; then the unique solution of
{D"’u(t) =¢lt), O0<t<l,
@(0) = ¢(1) =0,
isu(t) = [y Gi(t, s)p(s)ds, where
(=5 — [t(1 =)}
Ir'(a)

—[t(1 —s)]*!
I'(x)

Gi(t,s) =
, t<s.

For the proof of this lemma, we refer the reader to the proof of Lemma 2.3 in [7].

Let
(t—=9) " —[t(1 = 5)1P! .
_ rp o
QD=0 — gy
— <5
rep

we call (Gy, Gy) the Green’s functions of the boundary value problem (1.1).
We define the space X = {u(t) | u(t) € C(I)andD"u(t) € C(I)} endowed with the norm |jullx = maX. |u(t)| +
max;c D u(t)|.

Lemma 3.2. (X, || - ||lx) is a Banach space.
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