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1. Introduction and result

We consider the Cauchy problem

{utzAu+|u|p]u, XERNy te (07 OO), (1 1)

u(x, 0) = ug(x), xeRY,
where u = u(x, t), p > 1, A denotes the Laplacian operator with respect to x, and the function ug is continuous in RV and
decays to zero as |x| — oc.

With respect to positive classical steady states of (1.1), there is a critical exponent
o) for N < 10,
per=1 (N—2%—4N+8y/N—1
(N —2)(N — 10)

forN > 11,

which satisfies p. > ps .= % for N > 11 and was found by Joseph and Lundgren (see [1]). More precisely, in the case of

p > ps there is a family of positive radial steady states ¢,, @ > 0, satisfying
N-—-1 )
{%’rr T Gar 0 =0 T >0, (12)
(Pa(O) =a, (/)a.r(o) =0,

where r := |x| (see [2-4]). Defining ¢_, () := —¢@,(r) and ¢o(r) = 0, the set {¢, | @ € R} is a continuum of radial steady
states. Moreover, for p; < p < p. each pair of positive steady states of (1.1) intersect each other. But for p > p. these steady
states are strictly ordered such that ¢, (|x|) is strictly increasing in o for any x € RN (see [5]) and

lim g, (Ix)) =0, x€R", and  lim ¢u(X]) = poo(lx]), x €R"\ {0}, (1.3)
o—> o—>00
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where ¢, = ¢ (|X|) denotes the singular steady state of (1.1) which is given by

0o (X)) = LIX|™™,  |x| > 0, withm = and L := {m(N — 2 — m)} 1.

Additionally, for p > p. and @ > 0 we have

Qo (IX]) = LIX| ™™ — ag|x| ™™ +0(Ix| 7" 1) as x| — oo, (1.4)

where a, > 0 (see [6]) and the constant A; = A{(N, p) is the smaller positive root of
AM—(N=2-2mr+2(N—2—m)=0. (1.5)

It was shown that these steady states are only stable in the case of p > p. (see [6-9]). Concerning the rates of convergence
for p > p, it was shown in [10,11] that if

luo(®)] < @oo(lx), x € R\ {0}, and [ug(x) — @u(X)| < c(1+[xD7', xeRY, (1.6)
hold with somec > 0, € Randl € (m 4+ A, m 4+ A, + 2), where A, denotes the larger positive root of (1.5), then

I-m—x

uC, ) = @a(l - Dllpo@ny = C(1+ 1)~ t>0, (1.7)
is satisfied and this estimate is optimal for & 7 0 and cannot be extended to larger values of .
Concerning the critical case p = p¢, Eq. (1.5) now has the double root
N—-2-2m

Ai= ———,
2

and hencem + A = NT’Z is satisfied. Moreover, the regular steady states satisfy

@ (|X]) = LIx|™™ — g |x| 7™ ™ In(|x]) + o(|x] ™ *In(|x])) as |x| — oo, (1.8)

for p = p., where a, > 0 is monotone decreasing in & and depends on N (see [6,12]). As in [13] for the grow-up rate
of (1.1) in the case p = p,, the additional logarithmic factor appearing in (1.8) as compared to (1.4) now implies that the
convergence rate for p = p, also differs by a logarithmic factor from the rate given in (1.7) for p > p.. More precisely, we
obtain the following result.

Theorem 1.1. Suppose N > 11 and p = p.. Moreover, let uy € C°(RN) satisfy (1.6) with some constants | € (m + A, m +
A+2),a eRandcy > 0.
(a) There is a positive constant C; such that the solution u of (1.1) fulfills

lul, ) — @a(l - Dllpe@ry <G (1+ 0~ "% (n(t +2)" forallt > 0. (1.9)
(b) Estimate (1.9) is optimal for any o # 0 in the following sense. Given o # 0, there exist initial data u, fulfilling (1.6) such that

I=m

luC, ©) = @o(l - Doy = G 1+ 072 (In(t +2))"" forallt >0 (1.10)
holds with some positive constant C.

This work is structured in the following way. In Section 2 we recall some results of [10] concerning certain linearized
problems. In Sections 3 and 4 we establish a suitable upper and lower bound for solutions of these linearized problems,
respectively, which imply the estimates claimed in Theorem 1.1.

2. The linearized equation

For proving our result, the procedures in [10,11] suggest studying the linearization of (1.1) around its steady states ¢,.
Following [10], for « > 0 we define the linear operator

N-1 o
P,U == Uy + fur +pph~ U

and consider solutions U = U(r, t) of the problem

U, =P,U, r>0,t>0,
U.(0,t) =0, t >0, (2.1
U(r,0) = Up(r), r=0,

where Uy is a continuous function decaying to zero as r — oo. Furthermore, let ¥ (r) satisfy

P,y =0 forr>0, %0 =1 ¥ (0) =0, (2.2)



Download English Version:

https://daneshyari.com/en/article/1709456

Download Persian Version:

https://daneshyari.com/article/1709456

Daneshyari.com


https://daneshyari.com/en/article/1709456
https://daneshyari.com/article/1709456
https://daneshyari.com/

