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1. Introduction

Let A denote the class of functions of the form
o0
f@=2+) a7 (1.1)
n=2

which are analytic and univalent in the open discU = {z : z € C|z| < 1}. Afunction f € Ais called starlike of order «

(0 < o < 1)if and only ifﬂt(zjf;g)) >« (z € U). Afunctionf € Ais called convex of order « (0 < « < 1) if and only if

N1+ Zf,ﬁg))) > a (z € U). We denote the class of all starlike functions of order « by S*(«) and the class convex functions
of order « by K («). Denote by T the subclass of A consisting of functions of the form

[o¢]
f@=z-) lalz", zeU, (1.2)

n=2
T*() and C(«) are the class of starlike and convex functions of order « (0 < o < 1), introduced and studied by Silverman

(1].

The class 8-UCV was introduced by Kanas and Wisniowska [2], where its geometric definition and connections with the
conic domains were considered. The class S-UCV was defined pure geometrically as a subclass of univalent functions, that
map each circular arc contained in the unit disk U with a center &, |£] < 8 (0 < 8 < 1), onto a convex arc. The notion of
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B-uniformly convex function is a natural extension of the classical convexity. Observe that, if § = 0 then the center & is
the origin and the class 8-UCV reduces to the class of convex univalent functions K. Moreover for 8 = 1 corresponds to the
class of uniformly convex functions UCV introduced by Goodman [3,4], and studied extensively by Rgnning [5,6]. The class
B-Sp is related to the class 8-UCV by means of the well-known Alexander equivalence between the usual classes of convex
K and starlike S* functions. Further the analytic criterion for functions in these classes is given as below.

For —1 < @ < 1and 8 > 0a function f € A s said to be in the class

(i) B-uniformly starlike functions of order « is denoted by Sp(«, B) if it satisfies the condition

Zf'(2) ) Zf'(2)
R —a ) > -1, zeU (1.3)
( f@ P f@
and
(ii) B-uniformly convex functions of order « is denoted by UCV («, B), if it satisfies the condition
zf"(2) ) Zf"(z)
N1+ —a) > , zeU. (1.4)
( (@) P @)
Indeed it follows from (1.3) and (1.4) that
feUCV(a, B) & zf' € Sp(a, B). (1.5)

Remark 1.1. It is of interest to state that UCV («, 0) = K(«) and Sp(«, 0) = S*(«)

Motivated by above definitions we define the following subclasses of A.
For0 <X < 1,0 <a < land B8 > 0, we let Sp(X, «, B) be the subclass of 4 consisting of functions of the form (1.1)
and satisfying the analytic criterion
zf'(2) Zf'(2)
Re — —ar>f —
(1= )f @) + rzf'(2) (1= 0)f (2) + Azf'(2)
and also, let UCV (A, e, B) be the subclass of 4 consisting of functions of the form (1.1) and satisfying the analytic criterion
{f/(Z) + zf"(2) } f'@) +2f"(2)
e]——"—————— —a; > fB|l———— —
'@ + 22" (2) f'@) + rzf" (2)

We further let TSp(A, v, B) = Sp(A, o, B)NT and UCT (A, o, B) = UCV (X, @, B)NT. Suitably specializing the parameters
we note that

1, zeU, (1.6)

1‘, zel. (1.7)

TSP(“? ,3) [7]

TSp(0, 0, TSp(B) [8]

e
%
el
=
]
N
<

UCT(0, 0, B) = UCT(B) [10]
UCT(0, a, 1) = UCT () [7]
UCT (A, &, 0) = C(A, @) [9]
UCT (0, a, 0) = C(a) [1].

We recall the Gaussian hypergeometric function F(a, b; c; z) defined by
[o¢] b n
Fabicz =Y @n®)n 2" (18)
— (©On (g

where a, b, c € Cwithc # 0, —1, -2, ... and (a), is the Pochhammer symbol defined in terms of the Gamma functions,
by

2)
3)
4)
5)
6) UCT(0, o, B) = UCT (a, B) 7]
7)
8)
9)
0)

I'(a+n) 1 n=0
(@n = I'(a) ={a(a+1)(a+2)...(a+n—1), neN}' (1.9)
It is known that
F(a,b;c; 1) = rorc-a-b Re(c —a—b) >0 (1.10)

C I'c—al(c—b)’
and the function F(a, b; c; 1) converges if Re(c — a — b) > 0.

Carlson and Schaffer [11] studied the class of starlike functions and pre starlike functions involving hypergeometric
functions. In 1993, Silverman [12] gave necessary and sufficient conditions for zF(a, b; c; z) to be in T*(«) and C(«).
Motivated by Silverman [12], Swaminathan [13] and Mostafa [14] in this paper, we find the necessary and sufficient
conditions for zF (a, b; c; z) to be in TSp (A, &, B) and UCT (A, ¢, B) whenf € TSp(A, o, ) and f € UCT (X, «, B) respectively
for a given a, b, c such that Re(c — a — b) > 0.
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