Applied Mathematics Letters 24 (2011) 519-523

Contents lists available at ScienceDirect

Mathematics
Letters

Applied Mathematics Letters

journal homepage: www.elsevier.com/locate/aml

General fractional f-factor numbers of graphs

Hongliang Lu®*, Qinglin Yu ¢

2 Department of Mathematics, Xi'an Jiaotong University, Xi'an 710049, PR China
b School of Mathematics, Shandong University, Jinan, Shandong, PR China
¢ Department of Mathematics and Statistics, Thompson Rivers University, Kamloops, BC, Canada

ARTICLE INFO ABSTRACT

Article history: Let G be a graph and f an integer-valued function on V(G). Let h be a function that assigns
Received 30 September 2009 each edge to a number in [0, 1], such that the f-fractional number of G is the supremum of
Received in revised form 31 October 2010 2 eck(c) h(e) overall fractional functions hsatisfying 3, h(e) < f(v) forevery vertexv €

A d2 N ber 201 . . .
ceepte ovember 2010 V(G). An f-fractional factor is a spanning subgraph such that )", _, h(e) = f(v) for every

vertex v. In this work, we provide a new formula for computing the fractional numbers

I;g:é%f;i matching by using Lovasz’s Structure Theorem. This formula generalizes the formula given in [Y. Liu,
f-factor G.Z. Liu, The fractional matching numbers of graphs, Networks 40 (2002) 228-231] for the
Fractional number fractional matching numbers.

Deficiency © 2010 Elsevier Ltd. All rights reserved.

Alternating trail

1. Introduction

All graphs considered in this work will be simple finite undirected graphs. Let G = (V(G), E(G)) be a graph, where V (G)
and E (G) denote the vertex set and edge set of G, respectively. We use dg (x) for the degree of a vertexxin G.Forany S C V(G),
the subgraph of G induced by S is denoted by G[S]. We write G — S for G[V (G) — S]. We refer the reader to [1] for standard
graph theoretic terms not defined here.

Let f and g be two nonnegative integer-valued functions on V(G) such that g(x) < f(x) for every vertex x € V(G). A
spanning subgraph F of Gis a (g, f)-factor if g(v) < dp(v) < f(v) forallv € V(G).Iff = g, thena (g, f)-factor is also called
as an f-factor. In 1970, Lovasz [2] gave a canonical decomposition of V(G) according to its (g, f)-optimal subgraphs. In this
work, we only consider g = f.

Define f(S) = ), s f(x). Let def (G) be the deficiency of G with respect to an integer-valued function f and be defined as

def (G) =ggg[ > tf(x)—dH(x>|},

xeV (H)

where H is a spanning subgraph of G. A subgraph H of G is called f-optimal if def (G) = def (H). Let M be an f-optimal
subgraph; we call |[E(M)| the f-factor number and denote it by 1 (G). In particular, if f = 1, it is usually referred to as the
matching number. Let A(G), B(G), C(G), D(G) be defined as in Lovasz's Structure Theorem (refer to [1]) and for simplicity,
denote them by A, B, C, D, respectively. Then

C(G) = {v e V(G) | dy(v) = f(v) for every f-optimal subgraph H},
A(G) = {v € V(G) — C(G) | dy(v) = f(v) for every f-optimal subgraph H},
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B(G) = {v € V(G) — C(G) | dy(v) < f(v) for every f-optimal subgraph H},
D(G) = V(G) — A(G) — B(G) — C(G).

Let G[D] = D; U - - - U D,. Let M be a subgraph such that dy;(v) < f(v) for all v € A(G). For a component D; of G[D], we
refer to D; as M-full if either M contains an edge of E(D;, A(G)) or M misses an edge of E(V (D;), B); otherwise, D; is M-near
full. For any f-optimal subgraph M of G, where dy;(v) < f(v) for all v € A(G), the number of nontrivial components of G[D]
which are M-near full is denoted by nc(M). Let nc(G) = max{nc(M)}, where the maximum is taken over all f-optimal graph
M of G with dy;(v) < f(v) for all v € A(G). We describe a graph H as f-critical if H contains no f-factors, but for any fixed
vertex x of V(H), there exists a subgraph K of H such that di (x) = f(x) & 1 and dx (y) = f(y) for any vertex y (y # x).

Let h be a function defined on E(G) such that h(e) € [0, 1] for every e € E(G) and the f-fractional number of G is the
supremum of ZeeE(G) h(e) over all fractional functions h satisfying ) ", _, h(e) < f(v) for each v. We denote the f-fractional
number by 15 (G). LetE, = {e | e ~ v} and E" = {e | e € E(G) and h(e) # 0}. We call h a fractional f-indicator function of G
if h(E,) = f(v) for each v € V(G). IfH is a spanning subgraph of G such that E(H) = E", then H is called a fractional f -factor
of G with indicator function h, or simply a fractional f-factor. Let defs (G) be the deficiency of the fractional f-factor of G, and
be defined as

def; (G) = min[ > (

veV(G)

> hie) = f(v)

ecEy

) | his a function defined on E(G) such that

h(e) € [0, 1] foreverye € E(G)} .

In this work, we investigate the relationship between the f-factor number and the fractional f-factor number, provide a
new formula for computing the fractional numbers by using Lovasz's Structure Theorem, and generalize the formula for the
fractional matching number given in [3]. By the definition, clearly

1
us(G) = E(f(V(G)) — def; (G)).

Let fs be a function on V(G —S) such that fs(v) = f(v) — |[E(v, S)| andfsT is the restriction of fs on the subgraph T of G —S.
Given an arbitrary f-optimal subgraph F, let defr (T) denote the deficiency of subset V(T) with respect to the f-factors.

Theorem 1.1 (Lovdsz’s Structure Theorem). Let D(G), A(G), B(G) and C(G) be defined as above. Let F be an f-optimal subgraph.
Then

(i) every component D; of G[D] isff"—critical;
(ii) for every component D; of G[D], defr(D;) < 1;
(iii) dr(v) € {f(v), f(v) = 1L, f(v) + 1}if v e Dy de(v) < f(W)if v € B dr(v) = f(v)if v € A
(iv) def (G) = def (F) = f(B) + t — f(A) — Y_,cp dc—a(v), where T denotes the number of components of G[D].

Lu and Yu [4] gave a different interpretation of A(G), B(G), C(G), D(G) by using alternating trails and thus obtained a
shorter proof of Lovasz’s Structure Theorem. Suppose that F is an f-optimal subgraph, where dr(v) < f(v) forall v € A(G),
and let By = {v | dr(v) < f(v)}. An M-alternating trail is a trail P = vgvy . . . vg with v;v; 1 € F forieven and v;vi;; € F for
i odd. Then we can define A, B, C, D alternatively as follows:

D = {v | 3 both an even and an odd F-alternating trail from vertices of By to v},
B = {v | 3 an even F-alternating trail from a vertex of By to v} — D,

A = {v | 3 an odd F-alternating trail from a vertex of By to v} — D,

C=V(G) —A—B—D.

With these new notions, more structural properties of f-optimal subgraphs can be obtained.

Theorem 1.2 (Lu and Yu [4]). Let D(G), A(G), B(G) and C(G) be defined as above. Let F be an arbitrary f-optimal subgraph of G.
Then

(i) for every component D; of G[D], if def (D;) = O, then F either contains an edge of E(D;, A) or misses an edge of E(D;, B); if
def (D;) = 1, then E(D;, B) C F and E(D;, A) N F = §;

(ii) if dp(v) < f(v) forallv € V(G), then for any v € D there are both an even F-alternating trail and an odd F-alternating trail
from the vertices of By to v.

Anstee [5] obtained a formula for the fractional f-factor number.
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