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Abstract

In this work we prove a non-existence result for a positive solution of a Dirichlet boundary value problem in a class of domains
that are more general than star-shaped ones. Our result extends some earlier non-existence results for the star-shaped case. We also
present an example of a domain which satisfies our conditions but not star-shaped essentially.
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1. A non-existence result for elliptic equations

Let 2 C R” be a smooth domain; consider the following elliptic boundary value problem:

_ a—1 :
{—Au—u|u| +Au in £2, (1.1)

u=~0 on /2.

If 2 is star-shaped, based on the work of Pohozaev [5], there have been many non-existence results for positive
solution of (1.1) with supercritical growth (see [5—7]). Recently some non-existence results appeared for the case that
{2 is not necessarily star-shaped; see for example [4]. It is still an interesting problem to consider the non-existence
results related to the growth and domain geometry. In [1-3], the author of this work introduced a class of hypersurfaces
that are more general than star-shaped ones. Motivated by the ideas of [1-3], in this work we discuss the non-existence
of a positive solution of (1.1) in a new class of domains called positive-type domains. Our results extend some earlier
related works for the star-shaped case.
We firstly consider the solutions of the elliptic boundary value problem

{—Au = f(u) in 2,

u=~0 on d{? (1.2)

where f € C(R', R"), 2 c R" is a domain with smooth boundary 2. Let F(x) = f(f f(s)ds. Denote by (-, -) the
usual inner product of R” and v(x) the outward normal to 942 at x.
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Lemma 1.1. Suppose that V(x) = (Vi(x), ..., Va(x)) is a C! vector field on R* and u € C*(2) N CY(2) is a
solution of (1.2). Then

/ udiv V(x)dx = —/ (V(x), Vu)dx
(0} N

f Fu)divV (x)dx = —/ fw){V(x), Vu)dx
2 2
Proof. Since u(x) = 0 and F(u(x)) = 0 for x € 942, by the divergence theorem, one has

0:/ (u(x)V(x), v(x))ds =/ div (u(x)V (x))dx
82 N
:/ Zi(u(x)\/,-(x)):/ udiVV(x)dx—}—/ (V(x), Vu)dx
Q= xi 0 2

i=1

and

0= / (Fu(x))V(x),v(x))ds = / div(F(u(x))V(x))dx
12 0

=/ Zi(F(u(x))Vi(x))=/ F(u)divV(x)dx+/ J@)(V(x), Vu)dx
0= 9xi 0 Q

The proof is complete. [

On the basis of Lemma 1.1, we prove an identity for the solutions of (1.2).

Theorem 1.2. Suppose V (x) is a linear vector field on R" with the form

ap -+ Qdin
Vix)=1 : X.
anl - dpn

If u € C2(2) N CY(N) is a solution of (1.2), then

n n
2Za,-,»/ F (u)dx —Za,-,-/ uf(u)dx~|—2f (V(Vu), Vu)dx =/ (V(x), v(x))|Vu|*ds. (1.3)
= 0 = 7} Q 002
Proof. By divergence theorem and Lemma 1.1,

f (V(x),v(x))|Vu|2ds=f (IVu|2V(x),v(x))ds=/ div(|Vu|?V (x))dx
a8 a2 9]
=/ Xn:a--Wu|2+22n: 8—"2 Vi(x) Pu ) as
a\& " =\ o) & B axiox;
_Za,,/uf(u)dx 2/ Zu—( ,(x)a o )dx

=1

3 9%u
_Za,,/uf(u)dx— / ZZ a,ja a] Vi(x)a—mF dx

j=li= *j

92u
= i dx —2 | udiv(V(Vu))dx — 2 Vi —
Za /Quf(u) /Qu iv(V (Vi) /ZZ“ (x) 2

j=li=

—Za”/ uf(u)dx+2/ (V(Vu), Vu) dx+2/ ZZ—(uV(x))

j=li= j
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