Available online at www.sciencedirect.com

Applied

Letters

Applied Mathematics Letters 20 (2007) 123-130

ScienceDirect Mathematics

www.elsevier.com/locate/aml

Inequalities for Stieltjes integrals with convex integrators and
applications

Sever S. Dragomir

School of Computer Science and Mathematics, Victoria University, PO Box 14428, Melbourne, VIC 8001, Australia

Received 22 September 2005; accepted 23 February 2006

Abstract

Inequalities for a Griiss type functional in terms of Stieltjes integrals with convex integrators are given. Applications to the

Cebysev functional are also provided.
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1. Introduction

In [3], the authors have considered the following functional:
b 1 b
D(f;u) = / f)du(x) — [u(d) —ua)] - —/ f(t)dz,
a b—a a

provided that the Stieltjes integral fab f(x)du(x) and the Riemann integral fab f(t)dt exist.
In [3], the following result in estimating the above functional has been obtained:

Theorem 1. Let f,u : [a, b] — R be such that u is Lipschitzian on [a, b], i.e.,
lu(x) —u(y)l < Llx —y| foranyx,y €la,b] (L>0)

and f is Riemann integrable on [a, b].
If m, M € R are such that

m< f(x) <M foranyx € |a,b],

then we have the inequality
1
[D(f;u)| < EL(M —m)(b—a).
The constant % is sharp in the sense that it cannot be replaced by a smaller quantity.
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In [2], the following result complementing the above has been obtained:

Theorem 2. Let f,u : [a,b] — R be such that u is of bounded variation on [a, b] and f is Lipschitzian with the
constant K > 0. Then we have

b
ID(f; u)| < %K(b—a)\a/(u). (1.5)

The constant % is sharp in the above sense.

For a function u : [a, b] — R, define the associated functions @, I" and A by:

o) = ¢ _a)”(b;fflb U@ o e qal bl (1.6)

I@) =@ —a)u®d) —u@®)] — (b —-0)u@) —ula), 1ela,b]

and

u(b) —u(t) _ u(t) —u(a)

A@) =
@) b—t t—a

t €(a,b).

In [1], the following subsequent bounds for the functional D( f; u) have been pointed out:
Theorem 3. Let f,u : [a,b] — R.

(1) If f is of bounded variation and u is continuous on [a, b], then

sup | B(0)| \/(f)

tela,b]
DUzl = = sup IF(t)I\/(f) (1.7)
pa, - - DIA®)I] \/(f)

(i) If f is L-Lipschitzian and u is Riemann integrable on [a, b], then

/ | D(2)|dt,

ID(f;uw)] < / | (¢)|dt, (1.8)
fa/ (t—a)(b—1)|A@)|dz.

(iii) If f is monotonic nondecreasing on [a, b] and u is continuous on [a, b], then
b

/ 1B()IAf (1),

a

1 b
ID(f;u)] < m/ ['@df@), (1.9)

1 b
b—/ (t—a)(b—D)]AMNIdf@).
—a J,

The case of monotonic integrators is incorporated in the following two theorems [1]:
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