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Abstract

Sensitivity analysis is an important tool which can be used to investigate the stability of a process perturbed by parameter
changes and uncertainty impacts. In this work the unsteady sensitivity equations for complex looped pipe networks are solved
Special attention is focused on the coupled version of thesatons, with the direct problerfor this purpose aplitting method
using a Total Variation Diminishing (ID) scheme with very good quality of stability &2t up and validated on a benchmark pipe
network.
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1. Introduction

Many physical parameters are estimated using empirical techniques. A rigorous analysis of the procedure of
modelling of such parameters is necess&or water distribution systems, sensitivity analyses are used for such
studies. They have been sucessfully applied to hydraulic sensitiy®}, hydraulic calibration 3] and hydraulic and
water quality sampling desigrt[5]. Furthermore, this is a key point for inverse problem solving.

One of the most accurate methods for such analysis is a@g@élusing the sensitivity equations. They derive from
and highly depend on the unsteady advection—reaction equations for quality modelling (direct model).

In this work we propose a method for slg simultaneously the sensitivities with respect to parameters and the
direct problem. We present a splitting method based on the Strang Foréhulehg equations to solve are of the
type: advection—eaction equation with source term. The adection term is solved with an Eulerian scheme using a
Total Vaiation Diminishing (TVD) criterion and the Ordinary Differential Equations (ODESs) with reaction and source
terms are solved with a classical numerical scheme. Our formulation will be able to take into account the stiffness of
some poblems and also the positivity of the solution.

In the first section, the physical transport—reactioodel in quality modelling is presented. Then, sensitivity
equations are derived from this model and a solution method based on a splitting method using a TVD scheme fron
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the family of Takacs is proposed. Finally, some results from a simple case study are presented and compared wi
those obtained from Cemagref’s dityaand hydraulic software, Porteaud][ and the well known software in quality
modelling, Epanet 29].

2. Physical model
2.1. Direct problem

Establishing the propagation of constituents in Water Distribution Systems (WDS) essentially consists of solving
for each pipe an advection equation wétkinetic reaction mechanism and mixiagnodes. The effect of longitudinal
dispersion is negligible. The change in constituents durattsport through a pipe is described by a one-dimensional
hyperbolic Partial Differential Equation (PDE) of the form

aC(t, X) +u)oxC(t,x) +o(t,x) =0
C(t =0, x) = Co(X) Vx e RT initial condition (1)
Cit,x=0)= o) vt >0 boundary condition

whereC denotes the constituent considered within the pipe artte flow velocity given by the network hydraulic
solution. The change in constituents in the pipe is described by a kinetic rate expression of the form

o(t,X) =kC* witha >1

whereq is the order of reaction arklis the overall decay constant. Likewisthe residence time and the source of
water are tracked by setting the reaction terms: respectiélyx) = —1,0 (t, x) = 0.

At each node, the water is considered perfectly mixed argliaconcentration, age or source is obtained. For the
simple nodes the mass conservation relationship yields

> Gin,k(1)Cin k()

C@t) = Kk 2
© Xk:%,k(t) @

whereCin k is the quantity input at this nod€(t) is the mixing quantity result angln i (t) is the rate of flow entering
this node via linkk at the timet. Otherwise the maximum and minimum résnce time at each node are calculated
as follows:

Cmax(t) = mi?-XCin,k(t); Cmin(t) = mkin Cin,k (D).

These equations are very useful for giving upper and lower limits for the average residence time calcy2}ed by

For a variabldevel tank, the change in concentration or age of the water can be determined also from the mas:
conservation relationship. E€R) assumes that constituents within the tank are completely and instantaneously mixed;
this assumption is frequently applied to water:

dCr Qin(cin —-C1)

= + ot ot = kC% reaction n thetank
dt VTtO + ft:) Qin — Qoutds T 3)
Crt=0=Cr(0

where Ct and Vr are the fully mixed value result and volume of the tank, respectiv@iy; = ) ) dink and
QinCin = Dk Gin,kCin k-

2.2. Sensitivity equations

In quality modelling of the kinetic parameters, the order of reaction and decay constant are hardly known.
Sensitivity analysis allows the determination of how “sensitive” our model is to change in the values of these
parameters. To carry out this analysis, we use the methedrdfitivity equatins. These equations are derived from
the directproblem.
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