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Abstract

This work studies the pblem of solving a suf- composite fiite fuzzy relation equation, whefe is an infinitely distributive
strong pseudo-t-norm. A criterion for the equation to have a solution is given. It is proved that if the equation is solvable then its
solution set is determined by the greatest solution and a finite number of minimal solutions. A necessary and sufficient conditiot
for the gyuation to have a unique solution is obtained. Also an algorithm for finding the solution set of the equation is presented.
(© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The resolution of fuzzy relation equations is one of the most important and widely studied problems in the field of
fuzzy sets and fuzzy systems. The méjoof fuzzy inference systems can be implemented by using the fuzzy relation
equations11]. Fuzzy relation equations can also be used for processes of compression/decompression of images al
videos BJ.

The sup—inf composite fuzzy relation equation was first proposed by Sanchez in 1976, and since then differer
kinds of fuzzy relation equations have been studied by many resear2h&&-{1318]. Recently, Wang and Yulf]
introduced the notion of pseudo-t-norms. Building on this, Dai and Wdrd][ considered the uzzy rdation
equations with pseudo-t-norms. Meanwhile, Han and7liiptroduced the concept of a strong pseudo-t-norm to
correct some incorrect main results ihJ4-14.

In this work, we study in detail th resolition problem of a sug- composite finite fuzzy relation equation, where
T is an infinitely distributive strong pseudo-t-norm.

Throughoutthis workl. denotes the real unitintervid, 1] andJ always stands for any nonempty set of subscripts.
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2. Strong pseudo-t-norm

In this section, we give some definitions.
A binary operationT onL is called a pseudo-t-norni § if it satisfies the followng conditions:

(T1) T(1,a) =aandT(0,a) =O0forallac L,
(T2) a,b,ceLandb<c= T(a,b) < T(a,c).

A psaudo-t-normT on L is said to be infinitely/-distributive [15] if it satisfies the follaving condition:
(Tv) a,bj e L(j € )= T(@, Vjeabj) = Vjea T(a, bj).

A psaudo-t-normT on L is said to be infinitelyn-distributive [16] if it satisfies the follaving condition:
(Th) a,bj e L(j € 3) = T(@, Ajea b)) = Ajea T(a, bj).

A psaudo-t-normT on L is said to be infinitely distributivellg] if it is both infinitely v-distributive and infinitely
A-distributive.
Let A € L%t Definel (A), T(A) € LL*L as follows:

I (A)@,b):=v{uelL | A@,u) <b},
T(A)(a,b) =A{lue L | A, u) > b},

wherea, b € L. Itis tacitly assumed that¥ = 0 andAy = 1.

Theorem 2.1. If T is an infinitdy v-distributive pseudo-t-norm on L, then the following conditions are equivalent:

D T@c<bsc<I(M@b)foralla,b,ceL;
(2) T(a,0) =0foralla e L.

Proof. (1) = (2) For anya € L, we have 0< | (T)(a, 0). Using(1), weobtainT(a, 0) < 0, i.e.,T(a,0) = 0.

(2) = (1) Leta,b,ce L.If T(a,c) < b,thenl(T)(a,b) = v{ue L | T(a,u) < b} > c. Conversely, suppose
[(T)y(@ b) > c. Using(2,0e {ue L | T(au) <b} #@ By(T2) and(Ty), T(a,c) < T(a, 1 (T)(a, b)) =
T@viuelL|T@u<b)=Vv{T@u |T(@u <b}<b. O

A psaudo-t-normT on L is said to be strong/] if it satisfies the follaving condition:
(T3) T(a,0) =0foralla e L.

It is obvious that t-norms and weak t-norn@ ére the particular cases of strong pseudo-t-norms. And there exists
an infinitely v-distributive pseudo-t-norm that is not strong (see the pseudo-t-igrin [15], for instance).

Example2.1. Put

b, a=1,
0, a=0,
T@b =15 g_a<1b=o

1, O<a<1lb>0,

wherea, b € L. ThenT is an infinitely v-distributive strong pseudo-t-norm dn However, it 5 not infinitely A-
distributive onL, sinceT(a,A{fbe L |[b>0})=T(@,00=0#1=A{T(a,b)|b>0}forO<a < 1.

Example 2.2 (Wang and Yu19]). Let

b, a=1,
Tw(@. b) = {O, otherwise

wherea, b € L. ThenTy is an infinitely distributive strong pseudo-t-norm an
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