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Abstract

We prove continuous dependence of solutions of the Brinkman–Forchheimer equations on the Brinkman and Forchheimer
coefficients inH1 norm.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In this work, we study the following initial-boundary value problem for the Brinkman–Forchheimer equations:

ut = γ∆u − au − b|u|αu − ∇ p, ∇ · u = 0, x ∈ Ω , t > 0, (1.1)

u(x,0) = u0(x), x ∈ Ω , (1.2)

u = 0, x ∈ ∂Ω , t > 0. (1.3)

Hereu = (u1,u2,u3) is the fluid velocity vector,γ > 0 is the Brinkman coefficient,a > 0 is the Darcy coefficient,
b > 0 is the Forchheimer coefficient,p is the pressure,α ∈ [1,2] is a givennumber,Ω is a bounded domain ofR3

whose boundary∂Ω is assumed to be of classC2.
We study the problem of continuous dependence of solutions to the problem(1.1)–(1.3)on coefficientsb andγ .
Continuous dependence of solutions on coefficients of equations is a typeof structural stability, which reflects

the effect of small changes in coefficients of equations on the solutions. Many results of this type can be found in
the monograph of Ames and Straughan [1]. Structural stability in flows of fluid in porous media represented by the
Darcy and Brinkman systems are investigated in the articles of Ames and Payne [2], Payne and Straughan [4–7]. In
[7], Payne and Straughan considered the initial-boundary value problem(1.1)–(1.3)with α = 1 whichdescribes the
flow of fluid in a saturated porous medium. They proved continuous dependence of solutions of the problem on the
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coefficientsb andγ in L2 norm. Our aim is to show continuous dependence on these coefficients in a stronger norm,
that is, inH 1 norm.

In the following we will use the function spaces̃H 1
0 (Ω ,R

3) = {u ∈ H 1
0 (Ω ,R

3) : ∇ · u = 0} and L̃2(Ω ,R3),
where the latter space is the closure ofH̃ 1

0 (Ω ,R
3) in L2(Ω ,R3). For simplicity we shall write L̃2(Ω ,R3) =

L̃2(Ω) andH̃ 1
0 (Ω ,R

3) = H̃ 1
0 (Ω). We use thenotation‖ · ‖p for the norm inL p(Ω). We denote by‖ · ‖ thenorm and

by 〈·, ·〉 the inner product inL2(Ω).

2. Continuous dependence on the Forchheimer coefficient

In this section, we prove that the solution of the problem(1.1)–(1.3)depends continuously on the Forchheimer
coefficientb in H 1(Ω) norm.

Using the Faedo–Galerkin method we can prove the following existence and uniqueness theorem; see, for instance,
[3, Theorem 9.3 and Theorem 10.2].

Theorem 1. Assume that1 ≤ α ≤ 2. Then for any u0 ∈ H̃ 1
0 (Ω), there exists a unique solution u∈ C([0, T]; H̃ 1

0(Ω))
of the problem(1.1)–(1.3). Furthermore, wehave

sup
0≤ t≤T

‖∇u(t)‖ ≤ D and
∫ T

0
‖ut (t)‖2dt ≤ D (2.1)

for any T> 0, where D is ageneric positive constant depending on the initial data and the parameters of(1.1).

Let us show just how to get the estimates(2.1). First we multiply(1.1)by ut + u in L2(Ω):

2‖ut (t)‖2 + d

dt

[
γ ‖∇u(t)‖2 + (a + 1)‖u(t)‖2 + 2b

α + 2

∫
Ω

|u(x, t)|α+2dx

]

+ 2γ ‖∇u(t)‖2 + 2a‖u(t)‖2 + 2b
∫
Ω

|u(x, t)|α+2dx = 0. (I1)

It follows from this inequality that the function

Φ(t) = γ ‖∇u(t)‖2 + (a + 1)‖u(t)‖2 + 2b

α + 2

∫
Ω

|u(x, t)|α+2dx

satisfies the inequalityddt Φ(t)+ 2a
a+1Φ(t) ≤ 0. The latter implies the estimate

γ ‖∇u(t)‖2 + (a + 1)‖u(t)‖2 + 2b

α + 2

∫
Ω

|u(x, t)|α+2dx ≤ D1e− 2a
a+1 t , (I2)

where

D1 = γ ‖∇u0‖2 + (a + 1)‖u0‖2 + 2b

α + 2

∫
Ω

|u0(x)|α+2dx.

The boundedness ofΦ(t) and hence the first of the estimates(2.1)follows from (I2); the second of the estimates(2.1)
follows if we integrate(I1) over time and exploit the boundedness ofΦ(t).

Now assume that(u, p) is the solution of theproblem

ut = γ∆u − au − b1|u|αu − ∇ p, ∇ · u = 0, x ∈ Ω , t > 0,

u(x,0) = u0(x), x ∈ Ω ,
u = 0, x ∈ ∂Ω , t > 0,

and(v,q) is the solution of

vt = γ∆v − av − b2|v|αv − ∇q, ∇ · v = 0, x ∈ Ω , t > 0,

v(x,0) = u0(x), x ∈ Ω ,
v = 0, x ∈ ∂Ω , t > 0.
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