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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Recall that a mapping T of H into itself

is called nonexpansive if | Tx — Ty|| < ||x — y|| for all x, y € H. A mapping f of C into H is called contraction if there exists a
constant k € (0, 1) such that ||fx — fy|| < k||x — y||, for allx, y € C. Let ¢ be a bifunction of C x C into R, where R is the set
of real numbers. The equilibrium problem for ¢ : C x C — Riis to find x € C such that

¢(x,y) >0 forally € C. (1.1)
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The set of solutions of (1.1) is denoted by EP(¢). Given a mapping T : C —> H,let ¢(x,y) = (Tx,y — x) forallx,y € C.
Then z € EP(¢) if and only if (Tz,y — z) > Oforally € C, i.e, z is a solution of the variational inequality. Numerous
problems in physics, optimization, and economics reduce to finding a solution of (1.1). In 1997 Combettes and Hirstoaga [1]
introduced an iterative scheme of finding the best approximation to initial data when EP(¢) is nonempty and proved a
strong convergence theorem.

The above formulation (1.1) was shown in [2] to cover monotone inclusion problems, saddle point problems, variational
inequality problems, minimization problems, optimization problems, variational inequality problems, vector equilibrium
problems, and Nash equilibria in noncooperative games. In addition, there are several other problems, for example, the
complementarity problem, fixed point problem and optimization problem, which can also be written in the form of an EP(¢).
In other words, the EP(¢) is an unifying model for several problems arising in physics, engineering, science, optimization,
economics, etc. (see also [3]).

Let A : C — H be a mapping. The classical variational inequality, denoted by VI(A, C), is to find x* € C such that

(A", v —x*) >0 (1.2)

for all v € C. The variational inequality has been extensively studied in the literature. See, e.g. [2,4-7] and the references
therein. A mapping A of C into H is called monotone if

(Au — Av,u —v) > 0, (1.3)

forall u, v € C. A mapping A of C into H is called a-inverse-strongly-monotone if there exists a positive real number « such
that

(Au — Av, u — v) > a||Au — Av|)?, (1.4)

for all u, v € C.Itis obvious that any a-inverse-strongly-monotone mapping A is monotone and Lipschitz continuous. We
denote by F(S) the set of fixed points of S. For finding an element of F(S) N VI(A, C), Takahashi and Toyoda [8] introduced
the following iterative scheme:

Xnp1 = opXn + (1 — 0op)SPc (X — AnAxy) (1.5)

foreveryn =0, 1,2, ...,wherexqg = x € C, «, is asequence in (0, 1), and A, is a sequence in (0, 2«). Recently, Nadezhkina
and Takahashi [9] and Zeng and Yao [7] proposed some new iterative schemes for finding elements in F(S) N VI(A, C).

The algorithm suggested by Takahashi and Toyoda [8] is based on two well-known types of method, namely, on the
projection-type methods for solving variational inequality problems and so-called hybrid or outer-approximation methods
for solving fixed point problems. The idea of “hybrid” or “outer-approximation” types of methods was originally introduced
by Haugazeau in 1968; see [10] for more details.

In 1976, Korpelevich [11] introduced the following so-called extragradient method:

Xo=x€C,
)_{n = PC(Xn - )‘-nAxn)_v (16)
Xnt1 = PC(Xn - )”nAxn)

for alln > 0, where A, € (0, %), C is a closed convex subset of R" and A is a monotone and k-Lipschitz continuous mapping
of C in to R". He proved that if VI(A, C) is nonempty, then the sequences {x,} and {x,}, generated by (1.6), converge to the
same point z € VI(A, C).

Motivated by the idea of Korpelevichs extragradient method Zeng and Yao [7] introduced a new extragradient method
for finding an element of F(S) N VI(A, C) and proved the following strong convergence theorem.

Theorem 1.1 ([7, Theorem 3.1]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be monotone and a
k-Lipschitz-continuous mapping of C into H. Let S be a nonexpansive mapping from C into itself such that F(S) N VI(A, C) # @.
Let {x,} and {y,} be sequences in C defined as follows:

xXo=x€C,
Yn = Pc(xp — AnAXy), (1.7)
Zp = OpXo + (1 - O5n)SPC(xn - )\nAyn), Vn > 0,

where {A,} and {«,} satisfy the following conditions:

(i) Ak C (0,1 =) forsome § € (0, 1);
(ii) oy C (0, 1), Z,?i1 ap = 00, limy_, oo 0y = 0.

Then the sequence {x,} and {y,} converges strongly to the same point Pg(s)nvi(a,c)Xo proved that lim, o [|Xn41 — Xa|| = 0.
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