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a  b  s  t  r  a  c  t

The  use  of simulation-based  uncertainty  propagation  approaches  (e.g., Monte  Carlo  simulation  method)
can  be  computationally  expensive  if  evaluating  the function  requires  a relatively  large computation  time.
To reduce  the  computation  time,  uncertainty  propagation  methods  that  use  surrogate  models  (e.g.,  the
Kriging  method)  may  be used.  In  this  paper,  we  extend  the  Kriging  method  to  propagate  the uncertainties
from  multiple  sources,  and  for cases  where  the  distribution  of  the  prediction  is produced  at  each  trial
(replication)  of the  simulation-based  uncertainty  propagation  approach  (i.e.,  at  each  sample  point).  The
outputs of the methodology  are  the  approximate  percentiles  of  the  output  distribution.  The  capability
of  the methodology  is tested  using  a Case  Study  involving  the  transport  of  solid  particles  in pipelines  to
prevent  solid  particle  deposition  and improve  pipeline  efficiency.  Statistical  comparisons  suggest  that
our methodology  successfully  replicates  the  outputs  from  the  Monte  Carlo simulation  method  with  a
94% reduction  in  computational  cost.

© 2016  Elsevier  Ltd. All  rights  reserved.

1. Introduction

Uncertainty propagation methods are used in cases where a
function f (x) is needed to predict the value of a dependent variable
y, where f (x) may  be an analytical function, or a “black-box-type
performance function” (Lee and Chen, 2009). Here, y is dependent
on x, with x representing a d × 1 vector whose components contain
the values of the independent variables, and d the number of inde-
pendent variables. In this case, at least one of the components of x is
a random variable with a probability density function or marginal
distribution function and correlations (Lee and Chen, 2009).

In many applications, simulation-based uncertainty propaga-
tion methods have been used because of their simplicity and
robustness (Roy and Oberkampf, 2011). Examples of simulation-
based uncertainty propagation methods include the Monte Carlo
simulation method (Dieck, 2007), the Latin hypercube sampling
method (Hora and Helton, 2003; McKay et al., 2000), and the strat-
ified sampling method (Giunta et al., 2006; McKay et al., 2000).
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To propagate the uncertainties of the random independent vari-
ables using the Monte Carlo simulation method (assuming the
random input or independent variables are statistically indepen-
dent), first, a random number generator selects random values
of the independent variables from the distributions of these vari-
ables (Dieck, 2007). Then, the value of f (x) is computed using the
randomly-selected values of the independent variables. This pro-
cess is repeated hundreds or thousands of times, and the output
of the Monte Carlo simulation method is an estimate of the distri-
bution of f (x) (i.e., the approximate distribution of the simulation
response y).

The procedure for implementing the Latin hypercube sampling
method is similar to the Monte Carlo simulation method. However,
prior to selecting random values of the random independent
variables, the interval of possible values for each random inde-
pendent variable is divided into nint number of subintervals of
equal probability (Hora and Helton, 2003; McKay et al., 2000).
Using a random number generator, in each interval, a random
value of the independent variable is selected from the distribution
of the variable. Then, the nint random values of the independent
variable are grouped randomly with the other random values
of the remaining independent variables, without replacement.
The value of f (x) is then quantified for each combination of the
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Nomenclature

AF Flow area of the fluid in the pipe
d Total number of independent variables
Dh Hydraulic diameter of the pipe
f̂ Approximate value or approximate percentile value

of y generated using the Kriging function
f̂MC n × 1 vector whose elements are the values of the

model’s prediction at each sample point
f̂ MC,p n × 1 vector whose elements are the values of the pth

percentile of the simulation output y at each sample
point

f̂ MC,95 n × 1 vector whose elements are the values of the

95th percentile of the simulation output y at each
sample point

f (x) Function that predicts the value of a dependent vari-
able

F (z) Cumulative distribution function of z
F1 (x) Distribution function of a set of numbers
F2 (x) Distribution function of a set of numbers
Ha Alternative hypothesis
H0 Null hypothesis
i Index used for the sample points
j Index used for the sample points
k Index used for the independent variables
m Slope of the best-fitting line in the parity plot of the

model
m0 Slope of the best-fitting line in the parity plot of the

model, with the intercept forced to be at the origin
n Total number of sample points used to generate the

Kriging function
ndata Number of data points that populate the reduced

database that contains the most representative
experimental data points for the user-defined input
combination

nint Number of intervals of equal probability
nKriging Number of trials (replications) for the Monte Carlo

simulation method that are used to generate the
Kriging function

nMC Number of trials (replications) for the Monte Carlo
(MC) simulation method when the Kriging method
is not used

nsample Sample size
p Percentile value
PW Wetted perimeter of the pipe
R̂ n × n matrix of correlations of all n number of sample

points
r̂i ith component of the vector r̂(x0)

R̂ij Element of the ith row and jth column of R̂
r̂(x0) n × 1 vector of correlations between x0 and all n

number of sample points
R2
adj Value of modified adjusted-R2 statistic of the model

t Index used for the experimental data points in the
reduced database

u n × 1 vector whose components have values of one
vcalc Threshold velocity prediction of the model
v5,all 5th percentile value of the threshold velocity pre-

diction of the model produced from propagating all
uncertainties

v5,input 5th percentile value of the threshold velocity predic-
tion of the model produced from propagating only
the uncertainty of the user-defined input combina-
tion

v95 95th percentile value of the threshold velocity pre-
diction of the model

v95,all 95th percentile value of the threshold velocity pre-
diction of the model produced from propagating all
uncertainties

v95,input 95th percentile value of the threshold velocity pre-
diction of the model produced from propagating
only the uncertainty of the user-defined input com-
bination

x Independent variable
x d × 1 vector whose components contain the values

of the independent variables
xk,i Value of the kth independent variable at the ith sam-

ple point
xk,i Value of xk,i upon normalization
xk,j Value of the kth independent variable at the jth sam-

ple point
x0x0 d × 1 vector whose components contain the average

values of the independent variables of the user-
defined input combination

x1 First independent variable
x2 Second independent variable
y Dependent variable
z Variable whose value has a stochastic nature
zcalc Model’s prediction for the user-defined input com-

bination
zcalc,avg Average value of the predictions at the user-defined

input combination of all the models that were not
discarded during the model screening process

zdev Absolute deviation of zcalc from zcalc,avg
zexp,t Observed value of the dependent variable at exper-

imental datum point t
� Level of significance for the Smirnov statistical test
ˆ̌

 Generalized least squares estimate of the mean
response of f (x)

εl Percentage that represents the acceptable lower
limit of the deviation of the model predictions from
the experimental observations

εu Percentage that represents the acceptable upper
limit of the deviation of the model predictions from
the experimental observations

� pth percentile of a set of number
�k Correlation parameter of the kth independent vari-

able used in the Kriging function
�̂ Approximate standard deviation of f̂
�̂5 Approximate standard deviation of the 5th per-

centile estimate from the Kriging method
�̂95 Approximate standard deviation of the 95th per-

centile estimate from the Kriging method

independent variables. Similar to the Latin hypercube sam-
pling method, the stratified sampling approach partitions the
d-dimensional space of the independent variables into “a grid of
equal-probability bins” (Giunta et al., 2006). Then, in each bin,
random values of the d independent variables are selected from
the distributions of these variables, and f (x) is evaluated using
these randomly-selected values of the independent variables.
Similar to the Monte Carlo simulation method, the approximate
distribution of f (x) becomes the output of both the Latin hypercube
sampling method and the stratified sampling method. References
to additional variants of the Latin hypercube sampling method are
given in Pages 202–203 of Kleijnen (2015).
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