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a b s t r a c t

The importance of elastic wave propagation problem in plates arises from the application of ultrasonic
elastic waves in non-destructive evaluation of plate-like structures. However, precise study and analysis
of acoustic guided waves especially in non-homogeneous waveguides such as functionally graded plates
are so complicated that exact elastodynamic methods are rarely employed in practical applications. Thus,
the simple approximate plate theories have attracted much interest for the calculation of wave fields in
FGM plates. Therefore, in the current research, the classical plate theory (CPT), first-order shear deforma-
tion theory (FSDT) and third-order shear deformation theory (TSDT) are used to obtain the transient
responses of flexural waves in FGM plates subjected to transverse impulsive loadings. Moreover, compar-
ing the results with those based on a well recognized hybrid numerical method (HNM), we examine the
accuracy of the plate theories for several plates of various thicknesses under excitations of different fre-
quencies. The material properties of the plate are assumed to vary across the plate thickness according to
a simple power-law distribution in terms of volume fractions of constituents. In all analyses, spatial Fou-
rier transform together with modal analysis are applied to compute displacement responses of the plates.
A comparison of the results demonstrates the reliability ranges of the approximate plate theories for elas-
tic wave propagation analysis in FGM plates. Furthermore, based on various examples, it is shown that
whenever the plate theories are used within the appropriate ranges of plate thickness and frequency con-
tent, solution process in wave number-time domain based on modal analysis approach is not only suffi-
cient but also efficient for finding the transient waveforms in FGM plates.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

For decades, laminated composite plates have been used in var-
ious applications, especially in aerospace and automotive indus-
tries all over the world. However, the predominant drawback of
such materials is their layered structure that makes them prone
to the phenomenon identified as delamination, particularly under
some extreme loading conditions such as impact loading. To over-
come this problem, functionally graded materials were proposed
as a remedy in the middle of 1980s by Japanese researchers [1,2].
FGMs are inhomogeneous composites with smooth and continuous
grading of volume fractions of constituents. In general, the ingredi-
ents are ceramic and metal for which the grading, from one side to
the other, takes place prevalently in the thickness direction of a
plate. Correspondingly, by preventing an abrupt change in the
mechanical properties, the problems of thermal and residual stres-
ses as well as stress concentration are removed that can be the
main reasons for delamination. Ceramic as a thermal barrier mate-

rial with low density and considerable toughness can play a pro-
tective role for metal against corrosion and oxidation. In
addition, metal provides strength, ductility and thermal conductiv-
ity for a FGM plate. The above-mentioned remarkable properties
have enabled functionally graded material plates to sustain severe
thermo-mechanical loadings which are common in some impor-
tant industries like aerospace, nuclear or defense. Consequently,
FGM plates have found widespread applications in manufacturing
nuclear fusions, gas turbines, thermal barrier structures, chemical
plants, etc.

On the other hand, non-destructive evaluation methods are
widely used for damage detection in engineering structures. The
NDE procedures based on ultrasonic elastic waves have attracted
much attention for structural health monitoring of plates in recent
years. Performing these processes requires a deep understanding of
transient elastic wave motion in plates. The research works on the
elastodynamics of homogeneous plates are numerous; however,
the literature on elastic wave propagation in non-homogeneous
FGM plates is scarce.

Liu et al. [3] developed a hybrid numerical method for function-
ally gradient material plates to describe some properties of Lamb
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waves in non-homogeneous plates. Chiu and Erdogan [4] consid-
ered one-dimensional problems in elastodynamics for a FGM plate
in which the boundary conditions were assumed to be either free/
free or fixed/free. Then, using the Laplace transform technique they
solved the problem under zero initial conditions with a rectangular
pressure pulse as the external load. Liu et al. [5] suggested a meth-
od to analyze the response of a FGM plate excited by plane
pressure wavelets. Dividing the FGM plate into linearly inhomoge-
neous elements, they obtained dynamic response in the frequency
domain and then using Fourier transform techniques, the response
of the FGM plate was presented. Lefebvre et al. [6] expanded the
Legendre polynomials and without dividing the plate into layers
studied the propagation of guided waves in continuous function-
ally graded plates. Han et al. [7] extended the hybrid numerical
method for analyzing transient waves in FGM plates excited by im-
pact loads. Han and Liu [8] employed quadratic layer elements to
study SH waves in FGM plates. They also presented a simple and
novel method to evaluate the modified Bessel functions with com-
plex valued orders and arguments which are involved in the solu-
tion procedure of these problems. Berezovski et al. [9] studied 2D
elastic stress wave propagation in two models of layered and
graded FGM plates. They compared the time evolutions of the field
quantities as a result of wave propagation and interaction with
interfaces and gradients in these two models and clarified the sig-
nificance of grading schemes on impact applications. Wave propa-
gation in inhomogeneous layered media was studied by
Chakraborty and Gopalakrishnan [10], who used the method of
partial wave technique in conjunction with linear algebraic meth-
odology. Chen et al. [11] studied the dispersion behavior of waves
in a functionally graded elastic plate. They showed that the combi-
nation of reverberation matrix and state-space methods is an effi-
cient solution for calculating dispersion curves over a wide range
of wave numbers. Based on homotopy analysis method (HAM),
Gao et al. [12] studied surface acoustic waves in an elastic FGM
plate, having coupled differential equations with variable coeffi-
cients. They also compared the effectiveness of the analytical
methods, including a layered model, the Frobenius method and
the HAM. Yu et al. [13] investigated the propagation of thermoelas-
tic waves in continuous orthotropic FGM plates in the context of
the Green–Naghdi generalized thermoelastic theory. In their re-
search, the coupled wave equation and heat conduction equation
were solved by the Legendre orthogonal polynomial series expan-
sion approach. Using a Legendre orthogonal polynomial series ap-
proach, Yu et al. [14] presented a dynamic solution for the
propagation of guided waves in continuous viscoelastic FGM plates
in the context of Kelvin–Voigt viscoelastic theory. Cao et al. [15]
employed the power series technique to analyze the propagation
behavior of Lamb waves in a thermal stress relaxation type func-
tionally graded material plate. By means of integral transforms
and based on a higher-order shear deformation theory of plates,
Sun and Luo [16] studied the wave propagation and transient re-
sponse of an infinite functionally graded plate under a point impact
load. Furthermore, they carried out a similar investigation for FGM
plates in thermal environments [17].

The present work investigates the efficiency and accuracy of
plate theories for estimating flexural waveforms of functionally
graded material plates in high frequency analyses. Earlier, Lih
and Mal [18] presented an outlook for the accuracy of the first-or-
der shear deformation plate theory in analyzing of flexural waves
in composite laminates. They showed that in addition to static
and vibration analysis of laminates with finite dimensions, the
laminate theory could also be used for analyzing wave propagation
problems in the laminates of large lateral dimensions. They em-
ployed a multiple transform technique coupled with a numerical
inversion scheme for resulting double integral expressions to cal-
culate the displacements produced in a composite laminate sub-

jected to dynamic loads. This method was proposed in their
previous research [19] in which the quantitative features of the
elastodynamic field in composite laminates produced by surface
loads, were studied by means of the multiple transform technique.
Due to dealing with equations of motion transformed into the fre-
quency-wave number domain, they had to tackle with the difficul-
ties of inverse transformation process back into the time–space
domain. In their solution method, the dissipation property of mate-
rial was an asset to keep the solutions away from resulting singu-
larities in integrations which were inevitable in the absence of
material dissipation. After the suggestion of hybrid numerical
method for elastodynamic analysis of FGM plates, the advantages
of wave propagation analysis in time domain were again high-
lighted; nevertheless, the use of this approach based on plate the-
ories, particularly for FGM plates, has not been reported in the
previous researches so far.

This article, for the first time, by developing extensive relations,
employs the above mentioned approach for flexural wave propaga-
tion analysis in FGM plates based on plate theories. It is shown that
whenever the plate theories are used, solution process in the wave
number-time domain can be not only sufficient but also efficient
for finding the transient waveforms in FGM plates. This study dem-
onstrates the possibility of avoiding temporal transformations that
are major challenges in the solution procedures of the previously
related studies. Besides, by using this method, detailed and com-
prehensive comparisons among the classical, first-order and
third-order shear deformation theories of plates are presented for
evaluating flexural waveforms of FGM plates. In addition, the re-
sults based on hybrid numerical method are used as benchmarks
for comparing with those of plate theories. To the best knowledge
of authors, these comparisons have not been performed yet. The
comparisons among these theories could be of great importance,
because there could always be serious concerns about the conse-
quences resulting from these simplifying assumptions on the
numerical results, which are the basis of plate theories. Whenever
the material inhomogeneity is involved, this issue might be inten-
sified. In other words, the problem of acceptable degree of simpli-
fications in the elastodynamic analyses could be worthwhile for
extensive research. This article could be assumed as a first attempt
to alleviate this concern. Several examples are presented for some
types of impulsive loadings applied to FGM plates of different
thicknesses and volume fractions to illuminate the sensitivity of
plate theories to the plate thickness as well as frequency contents
of the dynamic excitations.

2. Mathematical model for grading of FGM plate

An infinite ceramic–metal functionally graded material plate of
thickness h is considered. The xy-plane of coordinate system is set
at the mid-plane of the plate. The top surface of the plate (z = + h/2)
is ceramic-rich, whereas the bottom one (z = �h/2) is metal-rich.
Within the top and bottom surfaces of the FGM plate, there is a
combination of ceramic and metal with gradual variation of the
constituents in the thickness direction (See Fig. 1). The mechanical
properties p of the FGM plate such as Young’s modulus E and mass
density q can be expressed by a simple power-law distribution in
terms of the volume fractions of the constituents [20]:

pz ¼ pm þ ðpc � pmÞ
2zþ h

2h

� �N

ð1Þ

where subscripts m and c refer to metal and ceramic, respectively.
Further, z is the thickness coordinate and N denotes the volume
fraction index of the FGM plate that takes values greater than or
equal to zero. N = 0 and infinite N represent isotropic ceramic and
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