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Abstract

The current paper is a sequel to an article where we have started to incorporate finite gyroradius effects in the theory of perpendicular
diffusion of energetic particles interacting with turbulent magnetic fields. In the previous paper we have focused on the case that velocity
diffusion is suppressed and we derived corrections to the perpendicular diffusion coefficient. In the current article we focus on the limit of
strong non-linear velocity diffusion. If finite gyroradius effects are not present, we derive the well-known limit where the perpendicular
diffusion coefficient is directly proportional to the parallel diffusion coefficient. As in the previous paper, we employ different turbulence
models as examples, namely the slab model, noisy slab turbulence, and the two-dimensional model. We show that finite gyroradius effects
reduce the perpendicular mean free path in all considered cases except for the slab model where such effects do not occur.
� 2015 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

A fundamental problem in plasma physics, space
science, and astrophysics is the motion of energetic
particles such as cosmic rays through a turbulent magne-
tized plasma. Due to the interaction with such turbulent
fields, the particles experience diffusion along and across
the large scale magnetic field (see, e.g., Schlickeiser
(2002), Spatschek (2008), and Shalchi (2009) for reviews).
In Shalchi (2015b) we have started to incorporate the effect
of a finite gyroradius and explored the consequences for the
perpendicular diffusion coefficient. In the following we
refer to this paper as Paper I. All details concerning the
physics of transport theory and applications can be found
there. In what follows, we briefly summarize the most
important points of Paper I.

In linear and non-linear analytical treatments of perpen-
dicular diffusion, one usually starts with the following
equation of motion (see, e.g., Matthaeus et al. (2003))

V xðtÞ ¼ avzðtÞdBx~xðtÞ½ �=B0: ð1Þ
Here we have used the mean magnetic field B0, the turbu-
lent field dBx at the position of the charged particle ~xðtÞ,
the parallel component of the particle velocity vector vz,
and the x-component of the particle’s guiding center veloc-
ity vector V x. Critical here is the parameter a which is usu-
ally assumed to be a number between a2 ¼ 1=3 and a2 ¼ 1
(see, e.g., Matthaeus et al. (2003) and Tautz and Shalchi
(2011)). As in Paper I we understand the latter parameter
as finite gyroradius correction. This means that if such cor-
rections do not occur, we have by definition a2 ¼ 1.

In equations of motion, such as Eq. (1), one finds the
vector~xðtÞ which indicates the position of the charged ener-
getic particle. Instead of the particle coordinates (x; y; z)
one can use the coordinates (see, e.g., Schlickeiser (2002))
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X ¼ xþ vy
X
; Y ¼ y � vx

X
; and Z ¼ z ð2Þ

which are usually called the guiding center coordinates

(X ; Y ; Z). We like to point out that the latter coordinates
only correspond to the actual position of the guiding center

in the unperturbed case (d~B ¼ 0) because only then the
guiding center is well-defined. For the velocity~v of the par-
ticle we use spherical coordinates

vx ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
cosU

vy ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
sinU

vz ¼ vl ð3Þ
with the particle speed v, the pitch-angle cosine l, and the
gyrophase U. Usually, in transport theory, we describe
the particle motion in a six-dimensional phase space with
the coordinates (X ; Y ; Z; v; l;U).

In analytical diffusion theories, as well as in test-particle
simulations, one has to specify the turbulent magnetic
fields. A fundamental quantity to do so is the so-called
magnetic correlation tensor whose components are defined
via

Pmn
~k
� �

:¼ dBm
~k
� �

dB�
n
~k
� �D E

ð4Þ

where~k is the wavevector. The latter tensor has to be spec-
ified if a diffusion coefficient is calculated. In the current
paper we consider the same examples as in Paper I, namely:

� The slab model.
� A noisy slab model.
� Two-dimensional turbulence.

In Paper I we have used quasi-linear theory and non-linear
diffusion theory for the case of suppressed velocity diffu-
sion in order to compute the perpendicular diffusion coef-
ficient. In the current article we use non-linear theory for
the case of strong velocity diffusion and compute the per-
pendicular diffusion coefficient by taking into account the
finite gyroradius of the particle. In Section 2 we derive fun-
damental equations and in Section 3 we consider the zero
gyroradius limit. In Section 4 we explore perpendicular dif-
fusion for the turbulence models listed above. We conclude
and summarize in Section 5.

2. Non-linear diffusion theory

In the following we use ideas of non-linear diffusion the-
ory for the special case of strong velocity diffusion. This
type of non-linear approach is based on the work of
Shalchi et al. (2004) and Shalchi (2010).

2.1. The non-linear approach

As explained in Paper I, the Fokker–Planck coefficient
of perpendicular diffusion is calculated via the TGK

formulation (see Taylor (1922), Green (1951), and Kubo
(1957))

D? ¼ R

Z 1

0

dt hV xðtÞV xð0Þi

¼ 1

B2
0

R

Z 1

0

dt hvzðtÞvzð0ÞdBxðtÞdBxð0Þi ð5Þ

where we have employed Eq. (1) and set a2 ¼ 1 therein.
Furthermore, we have used the notation dBxðtÞ ¼ dBx½~xðtÞ�.

If the parameter D? is known, one can compute the per-
pendicular diffusion coefficient by calculating the pitch-
angle average of the corresponding Fokker–Planck coeffi-
cient (see, e.g., Schlickeiser (2002))

j? ¼ 1

2

Z þ1

�1

dl D?ðlÞ: ð6Þ

Alternatively, the perpendicular mean free path can be con-
sidered, which is defined via k? ¼ 3j?=v.

The average operator h. . .i used in Eq. (5) contains the
average over different particle properties. After deriving
the Fokker–Planck coefficient D?ðlÞ the spatial diffusion
coefficient j? is obtained by computing the pitch-angle
average via Eq. (6). In non-linear diffusion theories it is
often more convenient to combine both average operations
and to define

hhAii :¼ 1

2

Z þ1

�1

dl hAi

¼ 1

ð4pÞ2
Z þ1

�1

dl
Z þ1

�1

dl0

Z 2p

0

dU
Z 2p

0

dU0

�
Z

d3X A ~X ;U; l; t
� �

f ~X ;U; l; t
� � ð7Þ

with the phase-space distribution function f ð~X ;U; l; tÞ. In
Eq. (7) we have used the gyrophase U, the initial gyrophase
U0, and the initial pitch-angle cosine l0. Therewith, the per-
pendicular diffusion coefficient can be written as

j? ¼ 1

B2
0

R

Z 1

0

dt hhvzðtÞvzð0ÞdBxðtÞdBxð0Þii: ð8Þ

Obviously, the critical quantity in the theory of perpendic-
ular diffusion is the 4th order correlation function

CðtÞ :¼ hhvzðtÞvzð0ÞdBxðtÞdBxð0Þii: ð9Þ
In the following we aim to compute the perpendicular dif-
fusion coefficient based on the formulation explained
above. The turbulent magnetic field in Eq. (9) can be
replaced by a Fourier representation leading to

CðtÞ �
Z

d3k hhdBm
~k
� �

dB�
n
~k
� �

vzðtÞvzð0Þei~k�~xðtÞ�~xð0Þ½ �ii: ð10Þ

As in Paper I, we employ the so-called random-phase
approximation

CðtÞ �
Z

d3k Pxxð~kÞhhvzðtÞvzð0Þei~k�~xðtÞ�~xð0Þ½ �ii ð11Þ
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