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a b s t r a c t

In order to overcome limitations on the simulation time step for fluid transport simulations of high
density plasma discharges, the dielectric relaxation scheme (DRS) was developed. By imitating a realistic
and physical shielding process of electric field perturbation, DRS overcomes the dielectric limitation on
simulation time step. However, the electric field was obtained by assuming the drift-diffusion approx-
imation for both the electrons and ions. Although the drift-diffusion expressions are good approxima-
tions, the inertial term cannot be neglected in the ion momentum equation for low pressure. Therefore,
in this work, we developed the extended dielectric relaxation scheme (EDRS) by introducing an effective
electric field. Similar to DRS, EDRS is limited to quasi-neutral plasma with zero current, i.e. EDRS is
applicable when the local ambipolarity is satisfied. In order to validate EDRS, two-dimensional fluid
simulations for inductively coupled plasma discharges were performed. The simulation results are then
compared with experimental measurements by using a Langmuir probe.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In order to simulate high density plasma discharges, various
models such as particle, kinetic, fluid, and some hybridmodels have
been used. Among them, fluid models have been widely adopted
because it provides useful global insight into the profiles of the
plasma parameters [1e3]. Although fluid models are widely used in
all areas of plasma physics, there are some severe restrictions on
stable simulations of high density plasma discharges because the
plasma frequency is too high and the sheath length is very short
relative compared to the chamber scale. Therefore, various nu-
merical methods and boundary conditions have been suggested to
overcome limitations on the simulation time step and grid size
[1,2,4,5].

It is well known that the upwind, exponential, and power-law
schemes can efficiently overcome the limitation on the grid size
for fluid transport simulations of high density plasma discharges

[2,6]. In order to overcome the limitation on the simulation time
step, massless electron method, semi-implicit method, and
dielectric relaxation scheme (DRS) were suggested. Ventzek et al.
[4] proposed a semi-implicit update technique for the electric po-
tential. In this scheme, the Poisson's equation is solved for a future
time using a prediction for the charge densities based on the pre-
sent values of their time derivatives. In addition, the authors show
that the semi-implicit algorithm allows the time steps to exceed the
dielectric relaxation time by factors of 100e1000, or until limited
by the Courant criterion. Assuming electro-neutrality in the bulk,
Nam et al. [5] used the electric field in the bulk that is derived from
the electron momentum balance by assuming inertialess electrons,
neglecting the time dependent and inertial terms in the mo-
mentum equation. This method is called ‘inertialess electron
method’ or ‘massless electron method’. Makabe et al. [7,8] adopted
the effective electric field for the electron transport in order to
consider a finite time delay with respect to the local instantaneous
reduced field. Kushner's group used a simple effective field
approximation in order to account for the lagging relaxation
response of ions subjected to high frequency electric fields [9].* Corresponding author.
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In particular, by imitating a realistic and physical shielding
process of electric field perturbation, DRS overcomes the dielectric
limitation on time step [1]. The authors of Ref. [1] show that DRS
can provide stable values of electron density although the simula-
tion time step is larger than the dielectric relaxation time step. Also,
the results using DRS with the exponential method are in good
agreement with those using semi-implicit method. Using DRS,
Choe show that the drift-diffusion approximation for ion species is
available at uB=ðni;enLÞ≪1, where uB is the Bohm velocity, ni,en is the
ion/electron-neutral collision frequency, and L is the dimension of
the system [10]. Although, the effective electric fields were intro-
duced to treat the inertial effect in the ionmomentum equation, the
electric field in DRS was not derived self-consistently but obtained
assuming the drift-diffusion approximation for both the electrons
and ion species.

Therefore, we derived the electric field in a self-consistent
manner to treat the inertial terms in the ion momentum equa-
tion. Because the drift-diffusion representation of electrons is valid
at low pressure, we also neglected the time dependent and inertial
terms in the momentum equation for electrons. Using similar
approach in Ref. [10], we used the modified ion momentum
equation to treat the inertial term by introducing an effective
electric field. By using two momentum equations and continuity
equations, we derived a new electric field DE during the time step
Dt. To compare the extended dielectric relaxation scheme (EDRS)
with the previous method, two dimensional fluid simulations for
inductively coupled plasma discharges were performed.

This paper is organized as follows. In Sec. 2, the governing
equations and numerical methods are described. Results from
several specific applications are presented in Sec. 3. Finally, con-
clusions are given in Sec. 4.

2. Model descriptions

The basic equations for charged particles consist of the conti-
nuity, momentum, Poisson, and the electron temperature
equations.
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Here, ne (ni), Ge (Gi), ue (ui), me (mi), and Te (Ti) are the density,
flux, velocity, mass, and temperature of the electrons (ions). kB is
the Boltzmann constant, nen and nin are the electron and ion colli-
sion frequency with neutrals, respectively. Qe is the energy flux of
the electron given by Q e ¼ 5=2neuekBTe þ qe, where

qe ¼ �5
2
nekBTe
menen

VðkBTeÞ: (7)

Re and Ri represent the generation rates for the electrons and ions,

Pabs and Pcoll represent the power absorption from external power
and collisional power loss per unit volume.

As shown in Ref. [1], when Eq. (5) is solved along with Eq. (1) in
an explicit time integration scheme, severe time step limitation
occurs. In order to overcome this limitation on the time step, Choe
et al. [1] derived the electric field DE during the time step Dt shown
as

DEðDtÞ ¼ �4petdðGi � GeÞ
�
1� exp

�
�Dt
td

��
; (8)

with assuming the drift-diffusion approximations shown as
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; (9)
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; (10)

where te ¼ nen=u2
e , ti ¼ nin=u

2
i , and 1=td ¼ 1=te þ 1=ti [1,11]. Here,

ue and ui are electron and ion plasma frequencies, respectively.
After introducing the effective electric field Eeff [10], Eq. (10) can be
written as
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Assuming v½VðnikBTiÞ�=vtz0, Eqs. (4) and (11) yield
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Using similar approach in Ref. [1], we can obtain the continuity
equation shown as

vr
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or
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vt
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�
¼ V$ð4pJtÞ ¼ 0; (14)

where r ¼ eðni � neÞ, Ji ¼ eGi, Je ¼ eGe, and Jt is the total current
density. Assuming locally ambipolar diffusion, Jt¼0, Eq. (14) can be
written as

vE
vt

¼ 4pðJe � JiÞ: (15)

Substituting Eq. (9) into Eq. (15) gives

vE
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þ 1
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E ¼ � 4pe
menen
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where te ¼ menen=4pe2ne. In order to apply finite difference
method in time evolution, we integrate Eq. (16) during finite time
step Dt. This leads to

DEðDtÞ ¼ �4peteðGi � GeÞ
�
1� exp

�
�Dt
te

��
: (17)

Notice that Eq. (17) is similar with Eq. (8) except for te. However,
the extended model of Eq. (17) can be applied for low pressure
region because Gi in Eq. (17) includes the effective electric field as
shown in Eq. (11).

To compare EDRS with the previous method, two dimensional
fluid simulations for inductively coupled plasma discharges are
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