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Any systems with symmetry-breaking eigenstates can effectively radiate photons with doubled frequency of
the incident light, which is known as the second harmonic generation. Here, we study the second-order
nonlinear effects with the system of surface-state electrons on liquid helium. Due to the symmetry-breaking
eigenstates, we show that an approximate Rabi oscillation between two levels of the surface-state electrons
can be realized beyond the usual resonant driving. Consequently, an electromagnetic field with the doubled
frequency of the applied driving could be effectively radiated. This can be regarded as a frequency-doubled
fluorescence, and interestingly, it works in the unusual Terahertz range.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

An electron (with mass m, and charge e) near the surface of
liquid helium is weakly attracted by its dielectric image potential
V(z)= —Ae?/z [1]; where z is the distance above the helium
surface, and A = (¢—1)/4(¢+1), with ¢ being the dielectric con-
stant of the liquid helium. Due to the Pauli exclusion principle,
there is a barrier of about 1eV for preventing the electron
penetrating into liquid helium. Together with such a hard wall
at z=0, the electron is resulted in an one-dimensional (1D)
hydrogen-like spectrum E,= —R/n? of motion normal to the
Helium surface, with the effective Rydberg energy R=A%e*m, /
(27%) ~ 8 K and Bohr radius r, = #2 /(m.e2A) ~ 76 A. These Rydberg
levels were first observed by Grimes et al. [2,3] by measuring the
resonant frequencies of the transitions between the ground and
excited states. They demonstrated a key feature of the surface-
state electrons that the resonant frequency can be linearly tuned
by a vertical electrostatic field (i.e., the linear Stark effect) due to
their symmetry-breaking wave functions. Recently, it has been
studied that the above Rydberg states have relatively small line-
widths when the temperature of liquid helium is below 1.2 K [4],
and thus could be used as qubit (with the ground and first excited
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states) to realize the interesting quantum information processing,
see, e.g., Refs. [5-11].

Here, we first study the second-order nonlinear optical effect of
the surface-state electrons on liquid helium. Due to the symmetry-
breaking surface-states, the electrons allow an unusual dipole
moment which is related to the nonzero average distances
between the Rydberg states, i.e., d = (m|z|m)—(n|z|n) # 0. Basically,
under the resonant driving the usual transition (n|z|m) is dominant
and the effects related to d are negligible. Alternatively, under the
certain large-detuning driving, the effects related to d become
important. We show that an approximate Rabi oscillation between
the two lowest levels (with the transition frequency w.) of the
surface-state electrons could be realized by the driving with
frequency w; = w./2. This Rabi oscillation leads to an electromag-
netic wave emission with the doubled frequency of the applied
driving.

2. Rabi oscillations beyond the resonant driving

We consider applying a microwave field E; = Eq cos (ot — kx+¢)
to a single surface-state electron, where Ey, @, k, and ¢ are its
amplitude (in the z-direction), frequency, wave vector, and initial
phase, respectively. For simplicity, we consider only two levels (i.e.,
the ground state |1) and the first excited state |2)) of the surface-state
electron. Also, we assume that the electron is laterally confined as a
quantum dot [5]. Therefore, under the usual dipole approximation
(kx=0) the Hamiltonian describing the driven two-level electron
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reads
H(t) = E111)(1|+ E212)(2| — e2Eq cos (wit+ ). 1)

By using the completeness relation |1X1|+|2)2|= 1, one can
write Z as

Z =z1111)(1+22212)2|+21211)(2| + 221 12)(1, (2)
with the dipole matrix elements z; = (1|2|2) =(2|2|1) = z21. Due to
the asymmetry eigenstates |1) and |2), here z;; =(1|Z|1) and
Z3 =(2|2|2) # 0. This is very different from the case for the natural

atoms wherein z;; =z, =0. By using Eq. (2) we can rewrite
Hamiltonian (1) as

h;"e&z —2[hQ6,+hQRr(612+621)] €OS (Wt +P), 3)

and further

H(t) =

A(t) = — 16, (et ¢ L H.c)
_ leR[6'12(€_iAt+i¢ +e—i(we +w’)t_i¢)—|—H.C.], 4)

in the interaction picture defined by V = exp(—itwes,/2). Above,
6,=12)2|—|1X1]| is the Pauli operator with the transition fre-
quency w, = (E; —Eq)/h, 6;;=i)(j| is the projection operator (with
i,j=1, 2), A=w.—w; is the detuning between the microwave
and the electron, £2g = ez1,Ey/(2h) is the usual Rabi frequency, and
finally © = e(z2, —z11)Eo /(4n) #0 due to the symmetry-breaking
in the states |1) and |2).

Under the resonant condition, i.e., A = 0, the evolution ruled by
the Hamiltonian (4) can be approximately expressed as

. —i t A t
U(t):]—{—(?)/oH(tl)dt1+u.%TeXp|:/0 HR(t)df} 5)

with the Dyson-series operator T and the effective Hamiltonian:
Hr = — (€615 +e 765). (6)

Certainly, this Hamiltonian describes the standard Rabi oscillation
with frequency £2g. Above, the terms related to & = ({2, Q) /@, are
neglected, since £<1 under the weak drivings. In fact, this
approximation is nothing but the usual rotating-wave approxima-
tion. Indeed, under the resonant excitation, the contribution from
the symmetry-breaking 76, is negligible, due to its small
probability proportional to &.

Interestingly, under the large-detuning driving A =, ie.,
w;=we/2, the effects related to the symmetry-breaking #Q6,
become significant. This can be seen from the following new
evolution operator [12]:

o
0(r):1+(‘7'> /0 F(ey) de,

ZiNZ gt b
+<7> /0”(“)/0 H(t) dty dty + -

A t A
~T exp {/ Hy(t) dt], 7
0
with the second-order effective Hamiltonian
I:IL=%aﬁz—hQL(€i2¢512+e_i2¢321) (8)

and where & =4.Q§ /@,. Due to the weak driving (Qr,2) <
(wp, we), the present Rabi frequency 2 =42 /e is smaller
than the previous g for the resonant excitation. Also, all the
effects related to the small quantity &= (2g,£)/(w;, ®w.) were
neglected, but the terms containing £2z2 /(w);, we) Were retained.
Note that, under the above large-detuning driving, the usual first-
order expansion term U"(¢) = (—i/h) Jo H(ty) dt; practically does
n?t contribute to the time evolution, due to its small probability:
POty ~ &,
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Fig. 1. The probability p,, of excited state |2) versus £, t. The blue and red lines
correspond respectively to the analytical solution from the second-order effective
Hamiltonian (8) and the numerical one from the original Hamiltonian (3).
Assuming Q =0, similar to that of the usual atoms, the time dependent p,; is
given by the green line. These lines show that the effect due to the symmetry-
breaking € # 0 is significant under large-detuning driving w; = we/2. (For inter-
pretation of the references to colour in this figure caption, the reader is referred to
the web version of this paper.)

Because of the term #06,/2 (corresponding to the usual ac-
stark effect [13]), the Hamiltonian (8) is not the standard Rabi
model. However, it could be regarded as an approximate one when
0/€2; < 1. This can be seen from Fig. 1, where the time dependent
P22 is plotted. The relevant parameters are selected as the typical
[3,6]: we~0.22THz, z12~0.571, and z;;—z11 ~2.3r,. Conse-
quently 0/ =2z15/(z22 —211)~ 043, Q2r~4.3 GHz, and Q ~
0.78 GHz with the microwave amplitude Ey ~ 15 V/cm. Fig. 1, with
numerical solutions from the Hamiltonian (3), proves that the
above derivation for effective Hamiltonian (8) is valid and the
effect due to the symmetry-breaking 2 s 0 is significant indeed.

3. Frequency-doubling radiations

We now consider the steady-state radiations due to the above
oscillations of occupancies by taking into account the practically
existing dissipations. For this case the dynamics of the driven
surface-state electrons is described by the master equation

d . —i~ . T _. . . . ~ .. .
a’ =7[HL,/)]+§(2012/)021 —6216120 —P621612)

+%(2522ﬁ&22—522,5 —P622) )]

with I and y being the decay and dephasing rates, respectively.
p= Zizj _1pliXil is the density operator of the two-level quantum
system, and the matrix elements {p;} obey the normalized and
hermitian conditions: 3)2_ ;p; =1 and p; = P}, respectively. In the
two-level atomic representation, the above master equation takes
the following matrix forms:

d . . )

aP2= iQu(prpe~ " = py1?)—Ipy,,
d . : ; I'+y (10)
alPa= i(py L1 —PZZQL971¢—5P21)—TP21-

Certainly, due to the resistance from the surroundings, the ampli-
tudes of oscillating p;; decrease with the time evolving (see Fig. 2),
and dp;/dt—0 when t—oo. Specially, under the steady-state
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