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a b s t r a c t

We show a theoretical study that permits us to obtain the relationship between the coefficients of

stimulated emission, spontaneous emission and absorption in indirect bandgap semiconductors,

including multiphoton and multiphonon processes.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

In Ref. [1], Einstein introduced the concept of stimulated
emission of photons and established the idea of coherent genera-
tion of photons (the mechanism behind modern lasers). By
postulating some hypotheses on the emission and absorption of
radiation, he obtained the known Einstein relations between the
coefficients among the coefficients of spontaneous emission,
stimulated emission and absorption for atoms or molecules [2].

The general approach of Einstein was to assign rate constant to
the three radiative processes appearing, which are given between
two energy levels Fig. 1.

In Einstein days, most radiative transitions of interest took place
between energy levels of an atom, which are very isolated, sharp
energy levels. The carrier density therefore referred to the density of
atoms with electrons in either energy level 1 or 2. In the current
context of direct bandgap semiconductor, we must interpret these
definition somewhat differently because in semiconductor, the
energy levels are neither isolated nor sharp [2] (Fig. 2).

To take into account the continuous nature of energy states in
the semiconductor that are considering now, we restrict our
attention to a differential population of state pairs exiting
between E21 and E21þdE21. The calculus to get the differential
expression for different rate transition and obtaining the relation
between the Einstein coefficients for this case can be consulted in

many manuals about laser theory [2,3], and can be seen that the
relationships among the coefficients remains the same.

More recently, Chen et al. presented a theoretical treatment of
optical gain in indirect bandgap semiconductors [4]. As a secondary
result in Ref. [4], the relationships among Einstein’s coefficients
(Acv is the spontaneous emission coefficient, Bcv is the stimulated
emission coefficient, and Bvc is the absorption coefficient) for a simple
two-level system were obtained. Although these relationships are
correct, they do not show the complete landscape for indirect
bandgap semiconductors, because the process of stimulated emission
of phonons is not considered [5–7].

In this work, we consider the concept of stimulated emission
of photons along with the concept of stimulated emission of
phonons [5–7] in order to get the complete relationships among
those coefficients in indirect bandgap semiconductors. We con-
sider an indirect bandgap semiconductor in which the transition
of electrons from the conduction band (CB) to the valence band
(VB) is mediated by the emission of both a single-mode phonon
and a single-mode photon. We also discuss the similarity between
our work and Einstein’s result for direct bandgap semiconductors
from a physical point of view and the results that were obtained
for Chen et al. [4].

2. Einstein’s relations for indirect bandgap semiconductor

Our study is based on a simple band structure of indirect
bandgap semiconductor as plotted in Fig. 1, with emission of a
single phonon and a single photon. It has to be stressed that, from
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a physical point of view, photons and phonons have a great
similarity in some aspects. Both particles are quanta of a classical
vibration fields (the photon of the electromagnetic field and the
phonon of vibration field of a crystal lattice), they have no mass,
their interaction with electrons is very similar (depends on the
polarization of the particles) and they are bosons, so both follow
the same Bose–Einstein statistics. In this sense, the emission of a
photon (phonon) is proportional to the density of photons
(phonons) respectively rather than the density of unoccupied
states as it occurs for fermions. Therefore, we have to consider the
process of the stimulated emission of phonons [5–7], when
studying the light emission from an indirect bandgap semicon-
ductor. Following the same idea as in the Einstein’s work [1], we
will try to get the relationships among different coefficients of
emission and absorption in indirect bandgap semiconductors.

We consider an indirect bandgap semiconductor in which the
transition of electrons from the CB to the VB is mediated by the
emission of both a single-mode phonon and a single-mode
photon, as shown in Fig. 1. The rate equations for transition
between the CB and the VB by single-mode phonon and single-
mode photon emission in indirect bandgap semiconductors in
this case are [4–8]
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where Rkq is the rate of stimulated emission of photons and
phonons, Rk0 is the rate of stimulated emission of photons and
spontaneous emission of phonons, R0q is the rate of spontaneous
emission of photons and stimulated emission of phonons, R00 is
the rate of spontaneous emission of photons and phonons, Rab is
the absorption rate, rk is the photon density per energy interval,
rq is the phonon density per energy interval, Bkq is the coefficient
of stimulated emission of photons and phonons, Bk0 is the
coefficient of stimulated emission of photons and spontaneous
emission of phonons, B0q is the coefficient of spontaneous emis-
sion of photons and stimulated emission of phonons, B00 is
the coefficient of spontaneous emission of photons and
phonons coefficient, Bab is the absorption coefficient, NC ¼
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are the effective masses of electrons and holes, respectively), _o
is the photon energy, _O is the phonon energy, DF is the
difference between the quasi-Fermi levels for electrons and holes,
KB is the Boltzmann constant, and T is the temperature.

To obtain Eqs. (1)–(5), we have considered effects of sponta-
neous and stimulated emission of both photons and phonons
[5–7]. Although the spontaneous and stimulated emission
processes are well known for photons, but not for phonons. The
experimental results about the stimulated and spontaneous emis-
sion of phonon in indirect bandgap semiconductor as silicon or
germanium have not been observed, because the emissions of
photons and phonons, both stimulated and spontaneous, in this
kind of semiconductors take place simultaneously, so distinguishing
the different contributions is quite complicated.

Nevertheless there are different studies which support the
idea of stimulated emission of phonons. For instances, in Ref. [6]
the researchers present a study about the possible generation of
coherent transverse acoustic phonons in the 1012–1013 Hz fre-
quency range by indirect photon–phonon interband transition
considering the idea of stimulated emission of phonons. In Ref. [8]
the researchers establish a model to calculate the optical gain
coefficients for indirect bandgap semiconductor which is based on
the same idea. In Ref. [9], a similar effect to Purcell effect is
observed experimentally which is related with stimulated and
spontaneous emission processes. So taking into account these
different works, we consider plausible the idea of stimulated
emission of phonon in indirect bandgap semiconductor Fig. 3.

To obtain these expressions we considered that the quasi-Fermi
level for electrons and holes locate far away from CB edge and VB

Fig. 1. Transitions rates between two energy levels.

Fig. 2. Energy vs. momentum electronic band structure for direct bandgap

semiconductor (Eg, energy gap).

Fig. 3. Band structure of indirect bandgap semiconductor (for simplicity, we only

consider two bands). We show a possible transition between CB and VB via a

single-mode phonon and a single-mode photon.
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