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An important tool in the field of metamaterials is the extraction of effective material parameters from

simulated or measured scattering parameters of a sample. Here we discuss a retrieval method for thin-

film structures that can be approximated by a two-dimensional scattering sheet. We determine the

effective sheet conductivity from the scattering parameters and we point out the importance of the

magnetic sheet current to avoid an overdetermined inversion problem. Subsequently, we present two

applications of the sheet retrieval method. First, we determine the effective sheet conductivity of thin

silver films and we compare the resulting conductivities with the sheet conductivity of graphene.

Second, we apply the method to a cut-wire metamaterial with an electric dipole resonance. The method

is valid for thin-film structures such as two-dimensional metamaterials and frequency-selective

surfaces and can be easily generalized for anisotropic or chiral media.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

The development of metamaterials, i.e., artificial microstruc-
tured materials in which small, subwavelength electric circuits
replace atoms as the basic unit of interaction with electromagnetic
radiation, has been a vibrant research topic in the field of nano-
photonics during the past decade [1–3]. Structuring metamaterials
on a subwavelength scale makes it possible to create electromag-
netic media with properties not found in natural materials, while
still allowing to describe them as effectively continuous media with
constitutive parameters such as the electric permittivity and the
magnetic permeability [4]. With appropriately designed constitu-
ents, it was shown feasible to design metamaterials with exotic
material response, e.g., magnetism at terahertz and optical frequen-
cies, simultaneous negative permittivity and negative permeability
(the so-called left-handed materials) [5], giant chirality [6], and
slow-light media [7–9]. The first metamaterial was fabricated in
2001 by combining metal wires exhibiting negative permittivity
and split-ring resonators (SRR) exhibiting negative permeability in a
single material [10]. SRRs are still commonly used in the microwave
band, but have been replaced by other magnetically resonant
structures such as slab-wire pairs and fishnets at terahertz fre-
quencies and above, since these meta-atoms ease the problem of

saturation of the magnetic response at those frequencies [11] and
also simplify the fabrication.

Metamaterials exhibit novel electromagnetic phenomena,
such as backward wave propagation, negative refraction, and
inverse Doppler effect [12]. Furthermore, they enable the com-
pensation of the propagation phase and the restoration of the
amplitude of evanescent waves in optical structures, resulting in
lenses with subwavelength resolution [13] and photonic devices
going beyond the diffraction limit [14–17]. Through the technique
of transformation optics, metamaterials with arbitrary values of
the permittivity and permeability ultimately allow for maximal
control over light propagation, which has led to surprising new
physics such as invisibility cloaks, beam transformation, and
frequency conversion in linear media [18–21].

A basic tool in the study of metamaterials is the so-called
retrieval method, i.e., the extraction of effective medium para-
meters corresponding to a metamaterial with given microscopic
structure. Effective material parameters are important because
they make the link between the microscopic response of meta-
materials and the homogeneous macroscopic media assumed in
many proposed applications. We assume here that the meta-
atoms are sufficiently subwavelength, so that the effective
response is only weakly spatially dispersive and, hence, can be
described by frequency-dependent polarization and magnetiza-
tion fields [22]. For ease of presentation, we assume here (two-
dimensional) isotropy in the plane of the thin-film structure, but
the considerations below can be straightforwardly generalized for
anisotropic samples.
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There are several methods to determine the effective material
parameters. One approach involves the averaging of the electro-
magnetic fields following their definition [23]; the volume aver-
aging can sometimes be replaced by line and surface averages
[24]. These averaging methods and other methods requiring the
knowledge of the microscopic fields [25] are, however, often
difficult to apply, since it is complicated or even impossible to
obtain the microscopic fields. Another approach involves compar-
ing the metamaterial sample with a slab of a homogeneous
medium and determining the constitutive parameters of the slab
that gives the same scattering matrix as the metamaterial
[26–28]. This is attractive, because scattering experiments can
be easily set up, both experimentally and numerically. One
problem that arises when using the latter retrieval method with
thin-film samples is choosing a suitable length of the slab [29].
Since the thickness of such thin-film samples is typically much
smaller than the wavelength, it makes actually more sense to
compare it to a two-dimensional current sheet and characterize
the sample by sheet susceptibilities [29] or sheet currents (this
paper) that result in the same scattering parameters as obtained
for the metamaterial.

2. Retrieval method

The two-dimensional retrieval method starts from a rather
standard problem of electrodynamics—the scattered fields of a
two-dimensional sheet carrying electric and magnetic sheet currents.
The problem is sketched in Fig. 1. A plane wave Einc exp½iðk== �
rþk? � r�otÞ� illuminates the current sheet and is scattered into a
reflected wave REinc exp½iðk== � r�k? � r�otÞ� and a transmitted
wave TEinc exp½iðk== � rþk? � r�otÞ�. Since the current sheet is
assumed to have a linear response, we can work in the harmonic
regime, and we will drop the factor expð�iotÞ from now on.

The incident and scattered waves must satisfy the boundary
conditions

n � ðD�D0Þ ¼ re, ð1Þ

n � ðB�B0Þ ¼ rm, ð2Þ

n� ðE�E0Þ ¼ �jm, ð3Þ

n� ðH�H0Þ ¼ je, ð4Þ

where n is the surface normal of the current sheet, je and jm are
the electric and magnetic sheet currents, respectively, D is the
electric displacement field, B is the magnetic induction field, E is
the electric field, and H is the magnetic field. It might seem
strange that we include a magnetic sheet current here, but we
will see that this is essential to the retrieval method and we will

explain below how an effective magnetic sheet current originates
in a thin-film sample.

Substituting the incident and scattered fields in Eqs. (1)–(4),
and using the identity H¼ k� E=ðom0Þ, yields

je ¼
1

om0

ð1�R�TÞn� ðk� EincÞ

¼ z�1
ð1�R�TÞðEincÞ==, ð5Þ

jm ¼�ð1þR�TÞn� Einc

¼ zð1þR�TÞðHincÞ==, ð6Þ

where z is the wave impedance defined by z�1
¼ k?=ðom0Þ, Z0 is

the characteristic impedance of vacuum, and k0 ¼o=c is the free-
space wavenumber.

To find the conductivities, we have to relate the sheet currents
to the local fields, je � s

ðeÞ
== Eloc and jm � s

ðmÞ
== Hloc. Since the current

sheet carries electric as well as magnetic sheet currents, both the
electric and magnetic fields have discontinuities at the current
sheet. Therefore, the local fields must be defined as an average
across the current sheet:

Eloc ¼
E==þE0==

2
¼

1

2
ð1þRþTÞðEincÞ==, ð7Þ

Hloc ¼
H===þH0=

2
¼

1

2
ð1�RþTÞðHincÞ==: ð8Þ

Combining Eqs. (5) and (6) with Eqs. (7) and (8), we arrive at the
formulae that give us the effective conductivities that are com-
mensurate with given (measured or simulated) scattering coeffi-
cients:

sðeÞ== ¼
2

z
1�R�T

1þRþT

� �
, ð9Þ

sðmÞ== ¼ 2z
1þR�T

1�RþT

� �
: ð10Þ

This is the central result of this paper.
It is interesting to note that these formulae can be uniquely

inversed

T ¼
4�sðeÞ==s

ðmÞ
==

4þ2zsðeÞ== þ2z�1sðmÞ== þs
ðeÞ
==s
ðmÞ
==

, ð11Þ

R¼�
2ðzsðeÞ==�z

�1sðmÞ== Þ

4þ2zsðeÞ== þ2z�1sðmÞ== þs
ðeÞ
==s
ðmÞ
==

ð12Þ

from which it is obvious that there is an isomorphism between
the scattering parameters and the sheet conductivities. Conse-
quently, the thin sheet retrieval does not suffer from the ambi-
guities encountered in the traditional retrieval method, such as
branch cuts, residue classes, or free parameters (the slab thick-
ness). We can now also understand why we need the magnetic
sheet current; without the magnetic sheet current, the retrieval
problem would in general be overdetermined with only one
complex parameter (the electric sheet conductivity) determined
by two complex scattering coefficients (R and T). Of course, if the
sample can really be considered as an electric current sheet, the
reflection and transmission coefficients are related by 1þR¼T

and the inversion would not be overdetermined. Nevertheless, it
may probably be better in practice to use Eqs. (9) and (10) and
then check whether the magnetic sheet conductance is negligible.

Fig. 1. Scattering of a plane wave by a two-dimensional current sheet with

electric sheet current je and magnetic sheet current jm.
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