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The performance of the virtual voltage method is compared with that of the conventional method in
which integral forms of Faraday’s law along crack surfaces are treated as natural boundary conditions.
As aresult, it is found that there is a significant difference between numerical solutions by the two meth-
ods. In this sense, not the conventional method but the virtual voltage method should be employed to the
shielding current analysis in a high-temperature superconducting film with cracks. By means of the vir-
tual voltage method, the influence of a crack on the inductive method is investigated numerically. The
results of computations show that, if the threshold current changes remarkably from its ambient value,
a part of a crack is contained in the projection of the field-generating coil onto the film surface. Further-
more, the applicability of the inductive method to the crack detection is investigated numerically.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The inductive method [1,2] has been widely used for measuring
the critical current density jc of high-temperature superconducting
(HTS) films. In the method, while applying an ac current I(t) = I sin
27ft in a coil placed just above an HTS film, the third-harmonic
voltage V3 sin (67ft + 03) induced in the coil is monitored. Accord-
ing to the experimental results, V3 abruptly develops when Iy ex-
ceeds a threshold current Ir [1,2].

By assuming the critical state model, Mawatari et al. [2]
performed a theoretical analysis to get the following equation:
Jjc =2F(rm)It/b. Here, F(ry) denotes the maximum of the primary
coil-factor function and b is the thickness of an HTS film. By substi-
tuting the measured value of I into this equation, jc can be
estimated. This is the basic idea of the inductive method.

On the other hand, it is not clear whether or not the inductive
method is applicable to an HTS film containing cracks. In order
to calculate the shielding current density in an HTS film with
cracks, the authors proposed the virtual voltage method [3,4].
Although the virtual voltage method was successfully applied to
the numerical simulation of the permanent magnet method [5],
its performance has not yet been investigated in detail.

The purpose of the present study is to assess the performance of
the virtual voltage method and to numerically investigate the
influence of a crack on the inductive method.
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2. Shielding current analysis
2.1. Initial-boundary-value problem

A schematic view of the inductive method is shown in Fig. 1. In
the inductive method, an M-turn coil is placed above an HTS film
of thickness b so that the symmetry axis of the coil may be verti-
cal to the film surface. By taking the thickness direction as z-axis
and choosing the centroid of the film as the origin, let us use the
Cartesian coordinate system (O: ey,ey,e,). In terms of the coordi-
nate system, the symmetry axis of the coil can be written as
(x,¥) = (xa,ya). In the following, n and t denote a normal unit vec-
tor and a tangent unit vector on an arbitrary curve in the xy plane,
respectively. Also, ¥ and X' are position vectors of two points in
the xy plane.

We first assume that an HTS film has a square cross section €2 of
side length a and that it contains a crack whose cross section is a
line segment connecting two points, (XY + L/2), in the xy plane.
For this case, the boundary 0 of @ is composed of the outer
boundary Cp and the inner boundary C; (see Fig. 1). Apparently,
C; is the crack surface. We further assume that the coil has a rect-
angular cross section of inner radius R;,, outer radius R and height
H. Also, the distance between the coil bottom and the film surface
is denoted by L.

As is well known, the shielding current density j and the electric
field E are closely related to each other in HTS films. As the relation,
the following power law [6-10] is assumed:

E = E(j)i/lill,  EG) = Ecli/ic)".
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Fig. 1. A schematic view of the inductive method.

Here, Ec and jc denote the critical electric field and the critical cur-
rent density, respectively, and N is a positive constant.

Under the thin-plate approximation, there exists a scalar func-
tion S(x,t) such that j=(2/b)[V x (Se,)] and its time evolution is
governed by the following integrodifferential equation [3,4,6,11]:

LoD (WS) + (V x E) - €, = —0,(B - €,), (1)

where ( ) is an average operator over the thickness and W is an
operator defined by

TWC — _ / 2 ZS(x,t)
WS_//QQ(|X X|)S(X,t) d°X +

b

Here, the function Q(r) is given by
Q(r) = —(mb*) [ — ( + b)),

The initial and boundary conditions to (1) are assumed as follows
[3,4]:

S=0att=0,
S =0 on Gy,
S

g:Oon Cy,

y[E]zf E-tds=0,
G

where s is an arclength. Note that y[E| = 0 is the integral form of Far-
aday’s law on the crack surface C;.

By solving (1) together with the initial and boundary conditions,
we can determine the time evolution of the shielding current den-
sity j. Throughout the present study, the parameters are assumed
as follows: a=20mm, b=600nm, jc=1MA/cm? Ec=1mV/m,
N=20, (Xo,yc)=(0mm,0 mm), f=1kHz, M=400, Rj,=1.5mm,
R=2.5mm, H=2mm, and L =0.5 mm.

2.2. Virtual voltage method

Throughout this section, the superscript (n) denotes a value at
time t=nAt, where At is a time step size. If the initial-boundary-
value problem of (1) is discretized with the backward Euler method,
S becomes a solution S of the following nonlinear boundary-
value problem:

G(S) = yWS + At (V xE)-e,—u=0in £, 2)
SeH@®), 3)
V[E] =0, (4)

where u = p,WS™ — (B™ — B"™ ). e, and @ = QU Q. Also, the
function space H(Q) is defined by H(Q)={w®): w=0
on Co, OW/9s =0 on Cy}.

After a straightforward calculation, we get the weak form that is
equivalent to (2) and (4). Note that (4) is incorporated into the
weak form. In other words, (4) is treated as a natural boundary
condition. As is well known, a natural boundary condition is not
exactly satisfied by a numerical solution of a weak form. Hence,
even if the weak form is numerically solved with the essential
boundary condition (3), the resulting numerical solution does not
accurately satisfy (4). In order to investigate the residual in y[E],
the numerically evaluated value N[E] of y[E] is determined by
using the numerical integration. The results of computations show
that N[E] does not vanish but take a relatively large value [3]. Here-
after, the numerical method for solving the weak form with (3) is
called the conventional method.

For the purpose of having N[E] = 0 exactly fulfilled, the authors
proposed the virtual voltage method [3,4]. The basic idea of this
method is explained as follows: a virtual voltage ¢y is applied
along the crack surface C; so as to have N[E] = 0 satisfied. The de-
tailed explanation of the virtual voltage method is given in Appen-
dix A.

Let us compare the performance of the virtual voltage method
with that of the conventional method. To this end, we numerically
evaluate the toroidal current It defined by Iy = b f;.j - n ds. Here,
the integration is carried out along an arbitrary curve I" connecting
the outer boundary Co with the inner boundary C; (see Fig. 1). The
time dependence of I; is determined by means of the two methods
and the results of computations are depicted in Fig. 2. For the case
with 0.1 < mod (ft,1) < 0.3 or 0.6 < mod (ft,1) < 0.8, there is a signif-
icant difference between the toroidal currents determined by the
two methods. This result suggests that an accurate solution cannot
be obtained by means of the conventional method. In fact, j-distri-
butions by the two methods show slightly different patterns espe-
cially near both ends of the crack (see Figs. 3(a) and 3(b)).

3. Numerical simulation of inductive method

On the basis of the virtual voltage method, a numerical code has
been developed for analyzing the time evolution of the shielding
current density. By executing the code, the threshold current It
can be easily evaluated. In this section, we numerically investigate
the following two problems:

e How is the inductive method affected by a crack?
e Is the inductive method applicable to the crack detection?
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Fig. 2. The time dependence of the toroidal current I for the case with Ip = 400 mA,
L.=16 mm and (Xa,¥a) = (0 mm,0 mm).
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