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a b s t r a c t

Recently, a modified version of the Ginzburg–Landau theory which takes into account the reduced phase
stiffness of the underdoped cuprates has been developed. In this work we propose new experimental
tests of this theory making use of neutron scattering and muon spin rotation experiments.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

One of the central questions in the physics of cuprate supercon-
ductors deals with the origin of the pseudogap ‘‘phase’’. According
to one class of theories, the pseudogap is a precursor to the low-
temperature superconducting state. Within this picture, in the
pseudogap region the amplitude of the order parameter has a finite
value, but the phase stiffness vanishes. When cooling into the
superconducting state from the pseudogap, we should therefore
expect that the phase stiffness, though finite, is much smaller than
the amplitude stiffness.

In Refs. [1,2] we have developed a modified version of the
Ginzburg–Landau (GL) phenomenological theory of the
superconducting state of underdoped cuprates which differs from
the conventional theory by allowing for different phase and ampli-
tude stiffness. For this purpose, we have introduced two different
coherence lengths, the amplitude coherence length n and the phase
coherence length n\. We have postulated that the ratio of
coherence lengths s = n\/n is unity deep inside the superconducting
region and vanishes at the boundary between the superconductor
and the pseudogap ‘‘phase’’, see Fig. 1.

In particular, in Refs. [1,2] we have studied the following
modified superconducting free-energy density

dF s

l0H2
c

¼ �f 2 þ 1
2

f 4 þ n2ðrf Þ2 þ s2n2f 2 rhþ 2p
U0

A
� �2

;

where we have represented the macroscopic wave function in
terms of its phase and amplitude as W(r) = W1f(r) eih(r). Within
the modified GL theory we have calculated the approximate mag-
netic field profile in the vortex lattice and several thermodynamic
properties, such as the lower and upper critical fields Hc1, Hc2, and
the equilibrium magnetization curve.

Moreover, we have compared our theory to experimental data
on the cuprates. For this purpose, we have introduced a dimension-
less lower critical field Hc1

Hc1 ¼
4pl0Hc1

U0
;

where U0 = h/(2e) is the superconducting flux quantum. According
to our theory in the underdoped regime where s� 1, Hc1 scales
as 1/s, whereasHc1 is more or less constant within the conventional
theory. In Ref. [2], we have presented two data sets on underdoped
cuprates which show that Hc1 diverges as the superconductor-
normal metal boundary is approached. This experimental result
can not be explained by the conventional theory, but it is
completely consistent with our modified GL theory [1,2].

The most interesting prediction of the modified GL theory [1] is
a sharp peak of the magnetic field in the vicinity of the vortex core
for s < 1. Small angle neutron scattering (SANS) and muon spin
rotation (lSR) are modern powerful tools for probing the
microscopic distribution of the magnetic field. They have been
successfully applied in determining the magnetic phase diagram,
characteristic length scales, and internal magnetic field in the
vortex state of type-II superconductors [3,4].

The aim of this paper is to demonstrate that SANS and lSR
techniques can be used to test the predictions of the modified GL

0921-4534/$ - see front matter � 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physc.2013.01.004

⇑ Tel.: +421 260295265.
E-mail address: frantisek.horvath@fmph.uniba.sk

Physica C 486 (2013) 9–12

Contents lists available at SciVerse ScienceDirect

Physica C

journal homepage: www.elsevier .com/locate /physc

http://dx.doi.org/10.1016/j.physc.2013.01.004
mailto:frantisek.horvath@fmph.uniba.sk
http://dx.doi.org/10.1016/j.physc.2013.01.004
http://www.sciencedirect.com/science/journal/09214534
http://www.elsevier.com/locate/physc


theory [1,2]. In particular, in what follows we calculate the mag-
netic field profile in a triangular vortex lattice and we show how
to use SANS and lSR to measure the parameter s of our theory.

2. Predictions of modified GL theory

It is worth mentioning that the Abrikosov lattice solution of the
conventional GL equations cannot be easily modified to the case
with s – 1 due to nonlinear terms in the modified GL equations.
In Ref. [1], therefore we have constructed an approximate vortex-
lattice solution of the Wigner–Seitz type. In this approach we have
replaced the unit cell of the vortex lattice by a circular disk with
radius d and inside the disk we have constructed radially symmet-
ric solutions to the modified GL equations.

Note that the vortex lattice solution of Ref. [1] is exact in the
vicinity of the vortex cores but it is not quite accurate in the area
between the vortices. In order to remove this drawback, in the
present work we combine the solution of Ref. [1] with the London
solution at the edge of the unit cell. This will be achieved by the
formula

BðrÞ ¼ f � BWS þ ð1� f Þ � BL; ð1Þ

where BWS represents solution of the Wigner–Seitz type and BL rep-
resents solution of the London type. f is a mixing function which is
unity for jrj < rmin and zero for jrj > rmax. rmin and rmax are chosen in
such a way that the function B(r) be smooth in the vortex lattice,
and each vortex carries one flux quantum.

All calculations presented in this paper were performed for
n = 30 Å, k = 1500 Å and two values of the average magnetic field

B. B is related to the radius of the Wigner–Seitz disk by the formula
B ¼ /0=pd2. Our choice d = 7n and d = 5n corresponds to B ¼ 1:44 T
and B ¼ 2:83 T, respectively. In Fig. 2, we plot the resulting mag-
netic field profile in the triangular vortex lattice for d = 7n.

2.1. Small angle neutron scattering

The scattered intensity of the neutron beam in a SANS
experiment is directly related to the Fourier transform of the mag-
netic field in the vortex lattice. The Fourier components are given
by [5]:

Bq ¼
1
S

Z
d2r BðrÞe�iq�r; ð2Þ

where the wave-vectors q run over the points of the two-dimen-
sional reciprocal lattice. Integration is taken over the magnetic unit
cell with area S = pd2. In Fig. 3, we plot Bq as a function of the mag-
nitude jqj of the scattering vector. In Ref. [1] we have shown that in
the vicinity of the vortex core, i.e. for r ? 0, the magnetic field is gi-
ven as B(r) = Bmax � ar2s, where Bmax and a are constants. Making
use of this formula we obtain an analytic expression Bq / q�(2s+2)

valid in the short-wavelength limit. This result, shown in the inset
to Fig. 3 as a dashed line, is in agreement with our numerical results.

This shows that, at least in principle, measurements of the
higher-order reflections of the neutron beam as a function of the
reciprocal vector can therefore be used to verify the modified GL
theory and the formula Bq / q�(2s+2) enables us to directly obtain
the value of the parameter s. In the literature, we have found mea-
surements of this type for borocarbide superconductors [4] and for
classical type-II superconductors [6]. Unfortunately, we are not
aware of similar studies on the cuprate superconductors.

2.2. Muon spin rotation

As shown in Ref. [7], monitoring the lSR signal as a function of
time, one can observe the time dependence of the muon spin
polarization vector. The Fourier transform of the polarization vec-
tor directly gives the magnetic field distribution P(B), the probabil-
ity that at an arbitrarily chosen point in the sample one finds the
magnetic field B [8]. In the vortex lattice, P(B) is given by the
formula

PðBÞ ¼ 1
S

Z
d2r dðB� BðrÞÞ; ð3Þ

where integration is to be taken over the magnetic unit cell with
area S and d is the Dirac delta function.
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Fig. 1. Schematic phase diagram of the cuprates in the doping vs. temperature
plane. We postulate that the ratio s = n\/n smoothly evolves between unity deep
inside the superconducting region and zero in the pseudogap ‘‘phase’’.

Fig. 2. Left panel: Magnetic field profile in the triangular vortex lattice for s = 1 and d/n = 7. The points A, B and C represent the vortex core center, the saddle point, and the
global minimum of the magnetic field distribution, respectively. Right panel: Magnetic field along the path A–B–C for d/n = 7 and two values of s. Arrows indicate the
maximum value of the magnetic field for s = 0.1. The most interesting feature is the sharp peak in the vicinity of the vortex core for s < 1.
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