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a b s t r a c t

The s-wave triplet Usadel equations which include the odd frequency triplet condensate are employed to
study the oscillatory behavior of the superconducting critical temperature Tc in multiply connected
hybrid systems e.g., a ferromagnetic core surrounded by a superconducting shell. This configuration
allows us to treat the angular momentum number L of the Cooper pair as the vorticity parameter. The
spiral exchange field in the ferromagnet characterized by a spiral wave vector Q, which rotates in the
z-plane and its direction varies within an in-plane of the ferromagnetic core. The induced superconduc-
tivity in the ferromagnet core is controlled by the electrical contact at the boundary for which we are
interested in the switching of the superconducting states among the various vorticity numbers. The pecu-
liar superconducting states with L – 0 bear resemblance to the pi-phase state in the bilayer systems. We
demonstrate the switching phenomena by solving the Usadel equations together with the self-consistent
order parameter subject to the Kupriyanov-Lukichev boundary conditions at the contact surface to obtain
the secular equation in the multimode method to determine the oscillatory behavior of Tc in the ferro-
magnet core. The Abrikosov–Gorkov like-formula is also obtained within the single mode approximation.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

There are some similarity between the vortex states and the
proximity effect in hybrid superconductor (SC) and ferromagnet
(FM) structures [1,2]. The former one is associated with the orbital
effect and causes the oscillation of the critical temperature Tc of a
multiply connected superconducting sample [3] in an applied mag-
netic field H which is known as the Little-Parks effect. The latter
one is responsible for the interplay between the ferromagnetic mo-
ment and the superconducting order parameter. The important
feature of the proximity effect manifests itself in the oscillating
or reentrant behavior of Tc as a function of a ferromagnetic layer
thickness in FM/SC structures [4].

The characters of both effects differ in nature, namely, for the
vortex state the interaction of the Cooper pairs with the orbital
magnetic field resulting in the switching between various vortex
states characterized by different winding numbers, whereas, for
the proximity effect the interaction of the Cooper pairs with the ex-
change field causes the penetration of Cooper pairs inside the FM
layer. However, though they are different, the common situation
is therefore the switching phenomenon of the Cooper pair wave-
function states. Therefore the interplay between the orbital and

exchange effects is of particular interest to determine whether
the exchange interaction can stimulate the superconducting states
with a non-zero vorticity in the absence of an applied magnetic
field.

Our attention is paid to the behavior of the superconducting
critical temperature with different vorticities in multiply
connected domains in which we choose a sample to be a ferromag-
netic core covered by a superconducting shell. Within this selected
geometry the angular momentum L of the Cooper pair wavefunc-
tion can represent the vorticity parameter. Thus the switching
states between different vorticities will display the non-monotonic
Tc behavior.

Our purpose is to study the possibility of the occurrence of
vortex states in hybrid SC/FM coaxial cylinders by investigating
the behavior of the superconducting critical temperatures with dif-
ferent vorticities. This work may be considered as extension stud-
ies of Samokhvalov et al. [5,6] here we take into account the spiral
magnetization inside the FM core and use the Usadel equations
that contain both singlet and triplet pair amplitudes [7]. We deter-
mine Tc of the proximity system by solving the secular equation ex-
actly. This paper is organized as follows. In Section 2, the
formulation of the generalized Usadel equations with boundary
conditions are presented. In Section 3, we demonstrate the exact
calculations of Tc in the multimode method. Finally, conclusions
are presented in Section 4.
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2. Model and formulation

In the dirty-limit condition the elastic electron-scattering time
s, the critical temperature Tc, and the exchange length h satisfy
the conditions Tcs� 1 and hs� 1 so an appropriate method to cal-
culate Tc of the system is based on the Usadel equations [8]. It is
well known that the Usadel approach is suitable to apply to the
proximity effect system when the layers are spatially separated,
and the interplay between superconductivity and ferromagnetic
ordering is feasible. In each layer the exchange field exists only
in the ferromagnet whereas the superconducting order parameter
is localized in the superconductor. However, below Tc the pair po-
tential can leak into the ferromagnet through the contact surface.
Hence the superconducting properties are modified by the proxim-
ity effect.

Near the second order phase transition, the generalized Usadel
equations (in the absence of the external magnetic field) take the
linearized form [7,9]

ðx� D
2
r2ÞFsðr;xÞ þ iIðrÞ � Ftðr;xÞ ¼ DðrÞ; ð1Þ

ðx� D
2
r2ÞF tðr;xÞ þ iIðrÞFsðr;xÞ ¼ 0; ð2Þ

where Fs and Ft = (Fx, Fy, Fz) are, respectively, the scalar spin sin-
glet and the vector spin triplet pair amplitudes. The Matsubara
frequencies x = (2n + 1)pT, with n = 0, ±1, ±2, . . . , and the parameter
D is the diffusion constant which labeled either Ds in SC or Df

in FM.
The order parameter D and the pair amplitude Fs in the spin

singlet s-wave state are related self-consistently by the equation

DðrÞ ¼ 2pTk
X
x>0

Fsðr;xÞ; ð3Þ

where k is the dimensionless BCS coupling constant which exists
only in the SC layer.

The vector exchange field I is chosen to be the spiral type which
rotates in an in-plane of the FM layer with a spiral wave vector Q,

I ¼ hðcos Qz; sin Qz;0Þ: ð4Þ

By means of the proximity effect the pair amplitude functions
are connected by the boundary conditions [10,11]

nsrFs ¼ cnfrFf ; ð5Þ
Fs ¼ Ff � cbnf n̂ � rFf ; ð6Þ

at the interface and

rFs;f ¼ 0; ð7Þ

at the vacuum surface. The superscripts s and f on F are labeled to
distinguish SC from FM layers. ns;f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ds;f =2pTc0

p
is the correspond-

ing diffusion length, where Tc0 is the isolated superconducting
critical temperature. The parameter c is the resistivity mismatch
between the two layers in contact where usually c < 1, as a result
of the pair leakage from SC to FM. cb is the boundary resistance
which represents the pair jumping from SC to FM in the direction
outward normal to the interface n̂.

The geometry of the FM/SC system, see Fig. 1, consists of a
ferromagnetic cylinder r < df covered by a superconducting shell
df < r < df + ds. This coaxial cylinder has a length c. In such geometry
the angular momentum number L serves as the vorticity parame-
ter, we introduce [5]

DðrÞ ¼ eiLhDðr; zÞ; Fðr;xÞ ¼ eiLhFðr; z;xÞ ð8Þ

where L = 0 corresponds to the non-vortex state and L P 1 repre-
sents the contribution of the vortex energy.

When the spiral exchange field I(r) is substituted into the
Usadel equations, the triplet component Fz can be disregarded be-
cause it is not coupled to Fs. Then by introducing the Champel-
Eschrig transformation [7]

Fx � iFy ¼ 2e�iQzF�; ð9Þ

we arrive at the effective Usadel equations

x� D
2
r2

� �
Fsðr;xÞ þ ih½Fþðr;xÞ þ F�ðr;xÞ� ¼ DðrÞ; ð10Þ

x� D
2
ðr2 � 2iQ@z � Q 2Þ

� �
F�ðr;xÞ þ

ih
2

Fsðr;xÞ ¼ 0: ð11Þ

Within the transformation (9), the boundary conditions still
possess the canonical form as follows

ns@rF
s
s ¼WFs

s; ð12Þ

at the FM/SC interface r = df, where

W ¼ cnf @rF
f
s

Ff
s þ cbnf @rF

f
s

�����
r¼df

; ð13Þ

is the boundary function. Other boundary conditions are

@rF
s
s ¼ 0; @rF

s
� ¼ 0; ð14Þ

at the vacuum/SC surface r = df + ds, and

cnf @rF
f
� ¼

ns@rF
s
�

Fs
�

Ff
� þ cbnf @rF

f
�

h i
; ð15Þ

at r = df. Therefore Eqs. (12)–(15) are the boundary conditions at the
lateral sides (r = df, df + ds), there are also the boundary conditions at
the top z = c, and bottom z = 0

@zF
s;f
s;�jz¼0;c ¼ 0: ð16Þ

Having introduced the vorticity parameter L, we can show that
the eigenfunctions cos(qmz), where qm = mp/c with m = 0, ±1, . . . ,
satisfy the Neumann type boundary conditions at z = 0 and z = c,
then the z-dependent of D(r) and F(r, x) can be expanded as

DðrÞ ¼ eiLh
X1

m¼�1
cosðqmzÞDðr; qmÞ; ð17Þ

Fðr;xÞ ¼ eiLh
X1

m¼�1
cosðqmzÞFðr; qm;xÞ: ð18Þ

The effective Usadel Eqs. (10) and (11) subject to the boundary con-
dition (16) can be further simplified by using the expansion (17)
and (18)

Fig. 1. Geometry of the FM/SC system: a ferromagnetic core of radius df surrounded
by a superconducting shell has width ds. Here c is a length of the cylinder.
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