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a b s t r a c t

Singlet superconductivity in spin-polarized subbands, induced by interband pairing interaction, is inves-
tigated. A Suhl-type mean-field Hamiltonian is used. The necessary attractive coupling can induce pairing
correlations also for the vanishing subbands mismatch shift. The behaviour of superconducting charac-
teristics over the system parameters space is calculated and illustrated. Varying of the pairing strength
displays also global phases with inclined metastable superconducting or normal states. First order phase
transitions can be expected.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

Superconductivity and ferromagnetism have been regarded as
competing orderings during a considerable time. Singlet Cooper
pairs are expected to be destroyed by the opposite action of the
magnetic field on spin partners. The superconductivity can persist
in the fields which do not exceed the upper critical field of the
material. Generally the negative conclusion about the coexistence
of the (singlet) superconductivity and ferromagnetism has been
drawn basing on highly simplified models and restricted material
science knowledge.

The whole problem of superconductivity vs. ferromagnetism
has afresh appeared with the discovery of novel superconductors
of complex structure [1]. As particular examples heavy fermion
compounds [2], borocarbides [3] and iron arsenides [4] can be
mentioned. Often magnetic and superconducting electrons belong
to different subsystems of the material. It has been shown that an
inhomogenous triplet superconducting order can appear in the
field of magnetic impurities [5,6]. The triplet pairing is expected
to be more stable against the magnetic field action and has been
widely investigated in various connections [7–10]. The antiferro-
magnetic ordering borders the superconductivity or even is coexis-
ting with the superconductivity in a number of cases. Complex
systems which show both the superconducting and the magnetic
ordering possess correspondingly abundant electronic spectra
and one enters naturally [7] the area of the multiband supercon-
ductivity [11,12].

In the presence of a ferromagnetic field the Fermi surfaces for
opposite spin directions do not coincide. There have been
numerous approaches to investigate the singlet superconductiv-
ity under such circumstances [13–18]. The stability of the found
phases with pairing remains elusive in a number of cases. In
[17,18] the singlet pairing of two electrons mediated by localized
(impurity) spins has been investigated. In this case an attractive
interaction on the whole Fermi sea can presumably induce the s-
wave superconductivity.

In the present communication, by using a model related to
[17], the behaviour of singlet superconducting characteristics
with varying pairing conditions is investigated and illustrated.
Two spin-polarized subbands of a common origin, shifted on
the energy scale by a magnetic action (impurities, other struc-
tural elements of the sample, etc.), are proposed to be coupled
by an interband pairing interaction. In the presence of the appro-
priate attractive coupling leading to the formation of pairs of
interband constitution the singlet superconductivity (under obvi-
ous conditions) becomes possible. This conclusion holds also for
the absence of the spin polarization and the background of the
Suhl-type interaction constant becomes important. On the route
of the system from the normal to the superconducting state with
improved pairing conditions the inclined metastable orderings of
the opposite nature become possible with expected first order
phase transitions.

2. The model Hamiltonian

The Hamiltonian of a two-band superconductor with the inter-
band pairing channel Hi can be written in the form

H ¼ H0 þ Hi; ð1Þ
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where

H0 ¼
X
~k;s

�1~kaþ
1~ks

a1~ks þ
X
~k;s

�2~kaþ
2~ks

a2~ks; ð2Þ

Hi ¼
X
~k;~n

Wð~k;~nÞ aþ
1~k"

aþ
2�~k#
þ aþ

2~k"
aþ

1�~k#

h i
a1�~n#a2~n" þ a2�~n#a1~n"

h i
: ð3Þ

The electron band energies �1,2 in (2) are counted from the chem-
ical potential (l). Usual designations are used. The interband pairing
interaction is characterized by the constant W and it creates singlet
pairs formed from the particles of different subbands. Further, a sys-
tem with spin-polarized subbands with shifted band energies will
be considered. Consequently, we attribute the electronic a-opera-
tors to the spin-up subband and the b-operators to the spin-down
subband. The interaction operator Hi obeys the Suhl [17] form

Hi ¼
X
~k;~n

Wð~k;~nÞaþ~k bþ�~kb�~na~n: ð4Þ

In the mean-field approximation one introduces the supercon-
ducting gap parameters

D1ð~nÞ ¼
X
~k

Wð~k;~nÞhaþ~k bþ�~ki;

D2ð~nÞ ¼
X
~k

Wð~k;~nÞhb�~ka~ki; ð5Þ

and (4) is simplified to

Hi ¼
X
~k

D1ð~kÞb�~ka~k þ D2ð~kÞaþ~k bþ�~k
h i

: ð6Þ

In what follows we describe the spin-polarization in the sim-
plest way as the rigid shift of the band energies ~n~k" ¼ �a

~ðkÞ þ l
and ~n~k# ¼ �b

~ðkÞ þ l by d in favour of the spin-up (a) band
~n~k" ¼ dþ~n~k#: ð7Þ

For simplicity we will use a momentum-independent pairing
interaction constant W. The sign and correspondingly the physical
origin of this interaction will be of significance. In comparable ap-
proaches [13–18] one does not specify the nature of W (4-fermion
attraction; unspecified electron–electron attraction; pair coupling
strength, etc.). In the case of charge-driven interaction a Cou-
lomb-type integral corresponds to the operator form (4). In multi-
band approaches with the pairs formed from the same band
particles the analogon of W is of an exchange (pair-transfer) type,
and its sign is free for the creation of pairing [19].

3. The Green’s functions and the necessary averages

The problem with the interaction (5) is exactly solvable – the
chains of the equations for the two-time Green’s functions [20]
are automatically broken. The Fourier-transforms of the functions
defined on the operators shown in the brackets read

Gða~k; aþ~k Þ ¼
1

2p
ðEþ �b~kÞA

�1
~k ðEÞ;

Gðbþ�~k; aþ~k Þ ¼
1

2p
D1A�1

~k ðEÞ; ð8Þ

Gðaþ~k ; a~kÞ ¼
1

2p
ðE� �b~kÞB

�1
~k ðEÞ;

Gðb�~k; a~kÞ ¼ �
1

2pD2B�1
~k ðEÞ; ð9Þ

Gðbþ~k ; b~kÞ ¼
1

2p
ðE� �a~kÞA

�1
k ðEÞ;

Gða�~k; b~kÞ ¼
1

2p
D2A�1

k ðEÞ; ð10Þ

Gðb~k; bþ~k Þ ¼
1

2p
ðEþ �a~kÞB

�1
~k ðEÞ;

Gðaþ
�~k

; bþ~k Þ ¼ �
1

2p
D1B�1

~k ðEÞ: ð11Þ

For the resonance denominators in the Green’s functions the
abbreviations

AðEÞ ¼ ðE� EAðþÞÞðE� EAð�ÞÞ;
BðEÞ ¼ ðE� EBðþÞÞðE� EBð�ÞÞ; ð12Þ

are used where the quasiparticle excitation energies equal

EA~kð�Þ ¼
1
2
ðd� D~kÞ;

EB~kð�Þ ¼ �
1
2
ðd� D~kÞ: ð13Þ

Here

D~k ¼ ð�a~k þ �b~kÞ
2 þ 4D1D2

h i1=2
: ð14Þ

The necessary statistical averages follow from the calculated
Green’s functions by the analytic continuation [20] as

ha~kaþ~k i ¼ D�1½ðEAðþÞ þ �bÞFð�EAðþÞÞ � ðEAð�Þ þ �bÞFð�EAð�ÞÞ�;

haþ~k aki ¼ D�1½ðEAðþÞ þ �bÞFðEAðþÞÞ � ðEAð�Þ þ �bÞFðEAð�ÞÞ�; ð15Þ

hbkbþk i ¼ D�1½ðEAðþÞ � �aÞFðEAðþÞÞ � ðEAð�Þ þ �aÞFðEAð�ÞÞ�;
hbþk bki ¼ D�1½ðEAðþÞ � �aÞFð�EAðþÞÞ � ðEAð�Þ � �aÞFð�EAð�ÞÞ�: ð16Þ

The anomalous averages characterizing the presence of super-
conducting correlations are of the form

haþk bþ�ki ¼ D1D�1½FðEAðþÞÞ � FðEAð�ÞÞ�;
hbþ�kaþk i ¼ D1D�1½Fð�EAðþÞÞ � Fð�EAð�ÞÞ�; ð17Þ
hakbþ�ki ¼ D2D�1½Fð�EAðþÞÞ � Fð�EAð�ÞÞ�;
hbþ�kaki ¼ D2D�1½FðEAðþÞÞ � FðEAð�ÞÞ�: ð18Þ

The Fermi distribution function is designated by (H = kbT)

FðxÞ ¼ ½ex
H þ 1��1

: ð19Þ

4. Superconducting characteristics

According to (5), (17) and (18) the system determining the
superconducting gap parameters is of the form

D1;2 ¼ D1;2W
X
~k

D�1
~k ½FðEA~kðþÞÞ � FðEA~kð�ÞÞ�: ð20Þ

The solutions D1,2 = 0 of (20) correspond to the normal phase.
The remaining equation (D1,2 – 0).

1 ¼W
X
~k

D�1
~k ½FðEA~kðþÞÞ � FðEA~kð�ÞÞ� ð21Þ

allows one to find only the composite quantity d2 = 4D1D2, i.e. the
D2, as expected from (5). In general this equation determines the
nonequilibrium gap parameter as a measure of pairing correlations
strength between the particles on the two Fermi surfaces. By substi-
tuting D = 0 into (21) one reaches to the equation for the supercon-
ducting transition temperature (Tc).

Because EA(+) > 0 and EA(�) < 0 one can see that Eq. (21) can be
fulfilled only in the case of a negative W < 0, i.e. an attractive pair-
ing coupling between the spin subbands. The renormalized band
populations sum up to ð�~k ¼ �a~k þ �b~kÞ

haþ~k a~ki þ hb
þ
~k b~ki ¼ 1�

�~k
2D~k

tanh
D~k þ d

4H
þ tanh

D~k � d
4H

� �
: ð22Þ

This expression is transformed into the sum F(�a/H) + F(�b/H)
for the normal phase.

We are investigating the superconducting properties of the
present model by using constant (2D) densities of states q = qa,b
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