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The Josephson current passing through a SG,/Fg/SG, graphene junction, where SG and Fg are those parts
of a graphene layer which are induced into the superconducting state and into the ferromagnetic state,
respectively, and where the small thickness of the Fy layer L is studied. The ferromagnetic barrier strength
is taken to be given by y; ~ HL/hvg, where H is the strength of the exchange energy and vy ~ 106 m/s is
the Fermi velocity of quasiparticles. The eigenstates of the relativistic quasiparticles in the graphene are
taken to be the solutions of the Dirac Bogoliubov-de Gennes equations. It is found that the energy levels
of the Andreev bound states for the Weyl-Dirac particles in the SG;/Fg/SG, junction are independent of
the direction of the spins and that they depend on the strength of ferromagnetic barrier potential. The
critical supercurrent is seen to vary in an oscillatory (periodic) manner as yy is varied. The oscillatory
behavior of the critical supercurrent carried by the Cooper pairs formed by massless the Weyl-Dirac par-
ticles is different from the behavior of the supercurrent carried by the Cooper pairs formed by non-rela-
tivistic particles in a conventional SC/FI/SC (FI being a ferromagnetic insulator) junction. In those types of

Josephson current
Ferromagnetic barrier
Superconductor/ferromagnet/
superconductor

junctions, the supercurrent does not exhibit a similar oscillatory dependence.
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1. Introduction

The recent fabrication of “graphene”, a monolayer of graphite
[1], has attracted much attention and has lead to many studies of
its electronic properties. Of special interest is the fact that the en-
ergy spectrum of the quasiparticles moving in the stable two-
dimensional (2D) layer of graphite (graphene) is not given by the
Newtonian relationship, E = p?/2m, but is instead given by E = pces,
where ce is the effective speed of light and is ~10° m/s, the Fermi
velocity (vg) in graphene [2,3]. This energy spectrum is that of the
relativistic particles of zero mass, the Weyl-Dirac particles. These
particles are described by the 2D Dirac equation for massless par-
ticles. The behavior of the quasiparticles in graphene should mimic
the behavior of the relativistic massless electrons. These types of
quasiparticles when injected into an insulating layer at normal
incidence to the interface will have transmission probability
amplitudes similar to those seen when quasiparticles tunnel
through a junction which has no insulator located at the interface
[4]. This is called “Klein paradox” [5].

The relativistic nature of the quasiparticles in the 2D graphene
layer leads to the scattering of these particles at a normal graphene
(NG)/superconducting graphene (SG) interface to be different at
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that from a normal metal (NM)/conventional superconductor (SC)
interface. The tunneling of non-relativistic electrons (holes) into
the SC region on the RHS of a NM/SC interface leads to a retro
reflection of the Andreev reflected holes (electrons) while the tun-
neling of 2D relativistic electrons (holes) of energies above the Fer-
mi energy into the RHS of a NG/SG interface gives rise to specular
Andreev reflections of the relativistic particles [6].

The differences in the Andreev reflections at the interfaces in
conventional superconductor nano sandwiches and graphene
based nano sandwiches will lead to differences in the behaviors
of the two types of sandwiches. The supercurrents in graphene
based superconducting devices, such as SG/NG/SG junctions, have
been studied both theoretically [7-9] and experimentally [10].
Most of the studies of the transport properties of conventional
superconductor sandwiches have been based on the Blonder, Tink-
ham and Klapwijk (BTK) approach [11]. In this approach, the prob-
ability amplitudes for the transmission of the different particles on
one side of the junctions to the other side are determined by apply-
ing the appropriate boundary conditions at the interfaces in the
sandwiches. For the cases involving graphene based sandwiches,
the BTK approach is still used. However, the boundary conditions
applied to the relativistic particles are different from those applied
to the non-relativistic particles.

In this paper, we study the supercurrent flowing through a
graphene based SG/FG/SG junction in which the graphene is
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induced in the superconducting state and ferromagnetic state by
the proximity effect tunneling of the superconducting order
parameter or the magnetic order parameter of a superconductor
or of a ferromagnet placed above the graphene, respectively
[12,13]. The junction we consider in this study consists of two SG
layers separated by a single FG layer of thickness L (see Fig. 1). Fer-
romagnetic graphene can also be achieved by doping the graphene.
We have applied the boundary conditions appropriate for this
junction to the solutions of the Dirac Bogoliubov-de Gennes equa-
tions to obtain the energy levels of the Andreev bound states. An
expression for the supercurrent I¢ is obtained through a differenti-
ation of the expression for Andreev bound state energy.

The expression for Ic is then numerically evaluated for incre-
mental changes of the values of several parameters characterizing
the junction. The critical current is the maximum value of the
phase dependent supercurrent as the phase difference between
the two SG layers is varied from 0 to 7t/2 [14,15]. The supercurrent
due to the Klein effect is investigated by changing the angle of inci-
dence of the quasiparticles in the SG layer. We find that the And-
reev energy levels for the relativistic particles tunneling through
the barrier are independent of the spin direction. Our numerical
evaluations of the supercurrent do not reveal a O-m phase state
transition. They do, however, reveal an oscillatory behavior of the
supercurrent as the ferromagnetic barrier strength yy is varied un-
like that seen in conventional SC/ferromagnetic barrier/SC junc-
tions. The oscillatory behaviors seen could either be due to
changes in the value of the ferromagnetic exchange field or to
changes in the thickness of the FG layer.

In our derivations, we have assumed that the Fermi energy of
ferromagnetic graphene, Egg, is zero which would be possible if
the FG was in an under doped state and that the Fermi energy of
SG, Egs, is much larger than the superconducting gap. More impor-
tantly, we assume that a strong ferromagnetic exchange field H ex-
ists within the thin FG layer. This field leads to a ferromagnetic
barrier, whose strength is given by yy ~ HL/hvg, where H is the
strength of the exchange energy, which is taken to be large and
where vp ~ 106 m/s is the Fermi velocity of the quasiparticles in
graphene, to form at the interface. We then simulate the effects
of varying the value of the exchange field within the FG layer by
carrying out numerical calculations.

The motivation for studying the effects of varying the values of
different parameters on the behaviors of different graphene based
junctions by using numerical simulations are that insights into
possible new applications of graphene based electronics might be
gained. Yokoyama [16] showed that the spin currents could be
controlled by varying the gate voltage and magnetic field in the
FG layer. Cresti [17] has suggested the possible fabrication of a
graphene-based current nanoswitch. A graphene based field effect
transistor whose observed behaviors were in quantitative agree-
ment with a drift-diffusion model of spin transport has been fabri-
cated by Jozsa et al. [18]. Gang Li et al. [19] have fabricated a
graphene-based p-n-p junction with contactless top gate.
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Fig. 1. The schematic illustration of a SG/FG/SG junction. The thickness of FG is L
and the superconducting phases for the left SG and the right SG are ¢; and ¢;,
respectively.

2. Andreev energy levels

The particles propagating in the 2D honeycomb array of carbon
ions (graphene) mimic the behavior of relativistic particles of zero
mass. These particles would then be the solutions of the Dirac
Bogoliubov-de Gennes equations
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where U(x,y) = Egp@(—x)O(x + d) — Eps®(—x — d) + EgsO(x), with E,
Err, Ers and @(x) being the excitation energy, the Fermi energy of
the FG, the Fermi energy of the SG and the Heaviside step function,
respectively. The superconducting order parameter is defined as
A(X,y) = 4€910(—x — d) + Ael?2 O (x), with ¢, being the supercon-
ducting phases in the left SG and right SG, respectively. For the spin
dependent potential of system, Hs(X,y) = HcHO(—x)O(x + d), where
H is the exchange energy in the FG barrier and 74 =1y is 1(—1).
The Pauli spin matrix is ¢ = (oy, 0y) and the wave vector operator
of the quasiparticle is k = (—id/dx, —i0/dy). The parallel component
ky is equal to 2nm/d where d is the width of Josephson’s junction and
n is the quantum number of the bounded vibrating state represen-
tation of the eigenstates of a Weyl-Dirac particle.

The quasiparticle wave functions, in which kgsés > 1 or Egs > A
with superconducting coherent length being defined as &5 = hvg/4
can be thought of as a superposition of the spin dependent four
component spinor state solutions of Eq. (1), i.e., as [8]
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Here,
sin[ae(h)] = hV]:ky/[E + 7’[0-H + (—)EFF],
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K" = (hve)ks/[EssAsin(f)],  (E| < 4) = Arccos(E/4),

sin[0] = hvek, /Egs
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