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a b s t r a c t

We transform the quartic Hubbard terms in the extended Hubbard model to a quadratic form by making
the Hubbard–Stratonovich transformation for the electron operators. This transformation allows us to
derive exact results for mass operator and charge–charge and spin–spin correlation functions for s-wave
superconductivity. We discuss the application of the method to the d-wave superconductivity.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

The Hubbard model predicts phase instabilities which give rise
to a divergence of the charge and spin correlation functions, and
therefore, it has been the focus of particular interest as a model
for high-temperature superconductivity. The Hamiltonian of the
standard Hubbard model contains only two terms representing
the hopping of electrons between sites of the lattice and their
on-site interaction. If the interaction between electrons on differ-
ent sites of the lattice is included, the model is referred as the ex-
tended Hubbard model.

In what follows we study the following Hamiltonian:

H ¼ �
X
i;j;r

ijw
y
i;rwj;r � l

X
i;r

n̂i;r þ U
X

i

n̂i;"n̂i;# � V
X
hi;jirr0

n̂i;rn̂j;r0 ; ð1Þ

where l is the chemical potential. The Fermi operator wyi;r ðwi;rÞ cre-
ates (destroys) a fermion on the lattice site i with spin projection
r ¼"; # along a specified direction, and n̂i;r ¼ wyi;rwi;r is the density
operator on-site i. The symbol

P
hiji means sum over nearest-neigh-

bor sites. The first term in (1) is the usual kinetic energy term in a
tight-binding approximation, where tij is the single-electron hop-
ping integral. Depending on the sign of U, the third term describes
the on-site repulsive or attractive interaction between electrons
with opposite spins. We assume that V > 0, so the last term is ex-
pect to stabilize the pairing by bringing in a nearest-neighbor
attractive interaction. The lattice spacing is assumed to be a ¼ 1
and the total number of sites is N.

The simplest method to study the possibility for the extended
Hubbard model to show a superconducting instability is to apply
mean-field analysis of pairing followed by general random phase
approximation (GRPA) [1,2]. Going beyond the GRPA requires reli-
able approximation schemes to handle self-consistent relations be-
tween single- and two-particle quantities: the mass operator R
depends on the two-particle Green function K, and the kernel of
the Bethe–Salpeter (BS) equation dR=dG for the spectrum of the
collective excitations itself does depend on the mass operator. A
possible approximation to this problem is the so-called two-parti-
cle self-consistent (TPSC) approach [3–15]. The TPSC approach is a
method for closing the set of equations for single-particle mass
operator and the two-body density matrix operator. The later can
be factorized by introducing the so-called equal-time pair-correla-
tion function grr0 ði; jÞ [12,13] which itself depends on the density–
density correlation function. In other words, the TPSC approach
goes beyond the GRPA for single-particle mass operator by estab-
lishing a self-consistency relation between single-particle and
two-particle quantities. By setting grr0 ði; jÞ ¼ 1 one should recover
the GRPA results for the mass operator and charge and spin corre-
lation functions.

In what follows, we first obtain exact formulas for the electron
self-energy (electron mass operator), the charge and spin correla-
tion functions. We also briefly discuss how our approach could
be generalized in order to include d-wave instabilities of the types
examined in Refs. [16–20].

2. Field-theoretical approach to extended Hubbard model

The interaction part of the Hamiltonian (1) is quartic in the
Grassmann fermion fields so the functional integrals cannot be
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evaluated exactly. However, it is convenient to transform the
quartic Hubbard terms in (1) to a quadratic form by making
the Hubbard–Stratonovich transformation for the electron
operators:

Z
l½A� exp �̂wðyÞbCð0Þa ðy; xjzÞŵðxÞAaðzÞ

h i
¼ exp �1

2
�̂wðyÞbCð0Þa ðy; xjzÞŵðxÞDð0Þa;bðz; z0Þ �̂wðy0ÞbCð0Þb ðy0; x0jz0Þŵðx0Þ

� �
:

ð2Þ

The symbol ‘‘hat” over any quantity O means that this quantity
is a matrix. The functional measure Dl½A� is chosen to be:

l½A� ¼ DAe
1
2AaðzÞDð0Þ�1

a;b ðz;z0ÞAbðz0 Þ;

Z
l½A� ¼ 1:

The Hubbard–Stratonovich transformation converts the quartic
problem of interacting electrons to the more tractable quadratic
problem of non-interacting Nambu fermion fields

�̂wðyÞ ¼ wy"ðyÞw#ðyÞ
� �

; ŵðxÞ ¼
w"ðxÞ
wy#ðxÞ

 !
ð3Þ

coupled to a Bose field AaðzÞwhere a ¼"; # is the spin degree of free-
dom which reflects the spin-dependent nature of the Hubbard
interaction. The bare boson propagator in (2) provides an instanta-
neous spin-dependent interaction, and in accordance with the
Hamiltonian (1), it should have the following form:

Dð0Þab ðz; z0Þ ¼ Dð0Þab ðj; j
0
; v � v 0Þ ¼ dðv � v 0Þ

Udjj0da�b � 2V hjj0 i d�a;b þ dab

� �h i
¼ 1

N

X
k

X
xp

e ı½k:ðrj�rj0 Þ�xpðv�v 0 Þ�f gDð0Þab ðk; ıxpÞ;

Dð0Þab ðk; ıxpÞ ¼ Ud�a;b � VðkÞðd�a;b þ da;bÞ:

Here �a is complimentary of a, and VðkÞ ¼ 4V ðcos kx þ cos kyÞ is the
nearest-neighbor interaction in momentum space. The symbol V hjj0 i
is equal to V if j and j0 sites are nearest neighbors, and zero other-
wise. We have used composite variables y ¼ fri; ug ¼ fi;ug; x ¼
fri0 ;u0g ¼ fi

0
;u0g; z ¼ frj;vg ¼ fj;vg and z0 ¼ frj0 ;v 0g ¼ fj

0
;v 0g,

where ri; ri0 ; rj and rj0 are the lattice site vectors. The symbolP
xp

is used to denote b�1P
p. For boson fields we have xp ¼ ð2p=

bÞp; p ¼ 0;�1;�2; . . ..
After performing the Hubbard–Stratonovich transformation, the

action of the system becomes

S ¼ SðeÞ0 þ SðAÞ0 þ Sðe�AÞ; ð4Þ

where

SðeÞ0 ¼ �̂wðyÞbGð0Þ�1ðy; xÞŵðxÞ; ð5Þ

SðAÞ0 ¼
1
2

AaðzÞDð0Þ�1
ab ðz; z0ÞAbðz0Þ; ð6Þ

Sðe�AÞ ¼ �̂wðyÞbCð0Þa ðy; xjzÞŵðxÞAaðzÞ: ð7Þ

The inverse Green function of free electrons bGð0Þ�1ðy; xÞ is diag-
onal with respect to the spin indices and has its usual form:

bGð0Þ�1ðy; xÞ ¼ Gð0Þ�1ð"; y; "; xÞ 0

0 �Gð0Þ�1ð#; y; #; xÞ

 !

¼ 1
N

X
k

X
xm

expfık:ðri � ri0 �xmðu� u0Þg

�
Gð0Þ�1
";" ðk; ıxmÞ 0

0 �Gð0Þ�1
#;# ðk; ıxmÞ

 !
; ð8Þ

where Gð0Þ�1
";" ðk; ıxmÞ ¼ ½ıxm � ð�ðkÞ � lÞ��1, and Gð0Þ�1

#;# ðk; ıxmÞ ¼
½ıxm þ ð�ðkÞ � lÞ��1. Here �ðkÞ ¼ �2tðcos kx þ cos kyÞ � 4t0 cos kx

cos ky is the non-interacting dispersion on a square lattice, l is
the electron chemical potential, and the symbol

P
xm

is used to de-

note b�1P
m. For fermion fields we have xm ¼ ð2p=bÞðmþ

1=2Þ; m ¼ 0;1;2; . . ..
The bare vertex bCð0Þa ðy; xjzÞ is a 2� 2 matrix defined as follows:

bCð0Þa ðy; xjzÞ ¼
Cð0Þa ð"; y; " xjzÞ 0

0 �Cð0Þa ð#; y; #; xjzÞ

 !
;

Cð0Þa ðr; y;r; xjzÞ ¼ Cð0Þa ðr; i; u;r; i0;u0ji00;vÞ
¼ dðu� vÞdðu� u0Þdr;adi;i0di;i00 : ð9Þ

Since the electrons polarize the boson field, and the boson field
acts onto the electrons, our approach describes the correlated mo-
tion of the electrons and the surrounding polarization field.

In field theory the expectation value of a general operator bOðuÞ
is expressed as a functional integral over the boson field A and the
Grassmann fermion fields �̂w and ŵ

hbT uðbOðuÞÞi ¼ 1
Z½J;M�

Z
Dl½ �̂w; ŵ;A�bOðuÞ � exp½JaðzÞAaðzÞ

� �̂wðyÞ bMðy; xÞŵðxÞ�jJ¼M¼0; ð10Þ

where the symbol h. . .i means that the thermodynamic average is
made, and bT u is an u-ordering operator. J; M are the sources of
the boson and fermion fields, respectively. The functional Z½J;M� is
defined by

Z½J;M� ¼
Z

Dl½ �̂w; ŵ;A�e½JaðzÞAaðzÞ�b�wðyÞbMðy;xÞŵðxÞ�; ð11Þ

where the functional measure Dl½ �̂w; ŵ;A� ¼ DADb�wDŵ expðSÞ satis-
fies the condition

R
Dl½ �̂w; ŵ;A� ¼ 1.

It is convenient to introduce complex indices 1 ¼ fr1; x1g,
2 ¼ fr2; y2g; . . ., where, r1;2 ¼ f"; #g and x1 ¼ fri1 ;u1g, and
y2 ¼ fri2 ;u2g. We define a functional derivative d=dMð1; 2Þ, and
depending on the spin degrees of freedom r1 and r2, there are four
possible derivatives:

d
dMð"; y2; "; x1Þ

;
d

dMð"; y2; #; x1Þ
;

d
dMð#; y2; "; x1Þ

;
d

dMð#; y2; #; x1Þ
:

The reason to write the expectation value (10) as a functional
integral is that all Green functions related to system under consid-
eration can be expressed in terms of the functional derivatives of
the generating functional of the connected Green functions
W ½J;M� ¼ ln Z½J;M�. By means of the functional W ½J;M�, we define
the following Green and vertex functions of the extended Hubbard
model.

Boson Green function:

Dabðz; z0Þ ¼ �
d2W

dJaðzÞdJbðz0Þ
: ð12Þ

The single-electron Green function Gð1; 2Þ ¼ �dW=dMð2; 1Þ in
the Hubbard model assumes the form:
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