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Abstract

We show that for a finite number of emitting sources, the Color Glass Condensate produces substantial 
elliptic azimuthal anisotropy, characterized by v2, for two and four particle correlations for momentum 
greater than or of the order of the saturation momentum. The flow produced has the correct semi-quantitative 
features to describe flow seen in the LHC experiments with p–Pb and pp collisions. This flow is induced by 
quantum mechanical interference between the waves of produced particles, and the flow itself is coupled to 
fluctuations in the positions of emitting sources. We shortly discuss generalizing these results to odd vn , to 
correlations involving larger number of particles, and to transverse momentum scales �QCD � pT � Qsat.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

It has been shown in the LHC experiments that in both pA and pp collisions, there is a 
substantial azimuthal anisotropy, quantified by the second Fourier harmonics also often referred 
to as elliptic “flow”, [1–7]. This anisotropy appears in the elliptic flow coefficient v2 for two 
particle correlations in v2{2}, and for pA collisions in four particle correlations v2{4} and for 
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higher numbers of particles v2{n}. There is also evidence for non-zero odd harmonics of the 
azimuthal anisotropy, v3. These results suggest that a hydrodynamic treatment may be valid [8]
in spite of the difficulty justifying such a description for such small systems [9]. It is nevertheless 
challenging to reconcile with the observation that there is little evidence for jet quenching of 
particles at the same transverse momentum where particles flow [2], and the fact that flow is seen 
at high transverse momenta where hydrodynamic descriptions are questionable.

The coefficient v2 for two particle correlations has on the other hand been computed within 
the theory of the Color Glass Condensate [10–15], which for the lack of better terminology we 
will refer to as Glasma Graph (GG). This computation assumes a continuum of sources, and is in 
the limit of an infinite number of sources. The result is of order 1/N2

c where Nc is the number of 
colors. As was later elucidated this suppression is a manifestation of Bose–Einstein enhancement 
of gluons in the target [16], see also discussions in Refs. [18,17]. However, it has proven difficult 
to use GG mechanism to extract the four particle correlation v2{4} since computations almost 
invariably lead to a four particle correlation that is positive corresponding to a complex v2{4}, 
see Refs. [19–21].

One can question the CGC treatment to date as it uses a continuum of emission sources. 
In pA, pp and peripheral AA collisions, there is good evidence that the ellipticity that might 
drive hydrodynamic flow is generated by fluctuations in the emission from a finite number of 
sources [22–24]. Ellipticities have been calculated that semi-quantitatively agree with extraction 
from hydrodynamic models of experiment.

In the systems driven by fluctuations, the ellipticities that fluctuations induce vanish in the 
limit of an infinite number of sources. In this limit the distribution becomes uniform. Therefore 
the GG CGC computations will always dominate over a fluctuation induced component for suf-
ficiently high multiplicity in the momentum domain of GG CGC applicability. Nevertheless for 
the multiplicities experimentally accessible, one might not be in the asymptotic limit.

The corresponding computation of the emission from the CGC for a finite number of sources 
is the subject of this paper. We will find that there are two effects needed to generate an acceptable 
v2{2}. The first is the finite number of sources. We also find that we need to have a finite range 
color correlation length. This correlation length has been computed in the literature and shown 
to be of the order of the saturation momentum scale [25]. It arises in the evolution of gluon 
distribution functions. In the McLerran–Venugopalan model [27], the length is infinite, and one 
does not in this way generate an acceptable v2.

Because the correlation length is of order Qsat, we will find that the characteristic momen-
tum scale size associated with flow is the saturation momentum. Again, this is a surprise since 
one would have naively thought that wave interference of the emitting gluons would be on a 
characteristic momentum scale of the inverse source size, that is 1/Rnucleon [28].

The purpose of this paper is to outline methods for the computation of v2{n}. We explicitly 
compute v2{2}, v4{2} and v2{4}. We restrict our computations to transverse momentum scales 
greater than or of the order of that of the nuclear saturation momentum. There is no difficulty in 
principle computing in the extended range where �QCD � p⊥ � Qsat, but as a first attempt to 
demonstrate the method we restrict the range of momentum.

We find a semi-quantitative agreement with the experimentally measured v2{2}. The magni-
tude and dependence upon p⊥ appear to be roughly in agreement with experiment for reasonable 
choices of our parameter. We also will show that the result factorizes for momentum scales con-
sistent with out approximation and in accord with experimental results. It is more complicated 
for us to compute v2{n} for n ≥ 4. We can do this as an expansion in the inverse of the number of 
particles sources, and have done so for v2{4}, and achieve an acceptable result. The computation 
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