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Abstract

We show that the proper inclusion of soft reparameterization modes in the Sachdev–Ye–Kitaev model 
of N randomly interacting Majorana fermions reduces its long-time behavior to that of Liouville quantum 
mechanics. As a result, all zero temperature correlation functions decay with the universal exponent ∝
τ−3/2 for times larger than the inverse single particle level spacing τ � N lnN . In the particular case of the 
single particle Green function this behavior is manifestation of the zero-bias anomaly, or scaling in energy 
as ε1/2. We also present exact diagonalization study supporting our conclusions.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and the model

The Sachdev–Ye–Kitaev (SYK) model [1,2] is a system of N Majorana fermions, χj , j =
1, . . . , N , subject to a four-fermion interaction,

Ĥ = 1

4!
N∑

ijkl

Jijkl χiχjχkχl , (1)
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where the coupling constants, Jijkl , are independent Gaussian random variables distributed as

〈Jijkl〉 = 0 ; 〈(Jijkl)
2〉 = 3!J 2/N3. (2)

This seemingly innocent model has recently been recognized [2–4] as a possible shadow of a 
two-dimensional gravitational bulk and the ensuing perspective to explore a holographic corre-
spondence of lowest possible dimension in concrete terms. The holographic principle as much 
as all other relevant features of the system are rooted in its exceptionally high level of sym-
metries. When formulated in the language of a (0 + 1)-dimensional ‘field theory’ the system 
shows approximate symmetry under reparameterization of time χj(τ ) → χj (f (τ)). In the limit 
of asymptotically slow time variations (compared to the characteristic interaction strengths J ) 
that symmetry becomes exact. The infinite dimensional group of time reparameterizations is 
generated by a Virasoro algebra and for this reason the theory has been dubbed a ‘nearly con-
formally invariant’ (NCFT) theory, and the emerging holographic principle an NAdS2/NCFT1

correspondence.
Thanks to the presence of the large parameter N and the ‘infinite rangedness’ of the interaction 

the path integral over Majorana configurations can be processed by stationary phase methods. It 
turns out that the mean field, physically equivalent to a self-consistent approximation for an inter-
action self-energy, spontaneously breaks the conformal symmetry down to the three-dimensional 
group SL(2, R) of conformal transformations in one dimension. This sets the stage for the emer-
gence of an infinite dimensional manifold of Goldstone modes described by reparameterization 
of time, τ → f (τ), modulo ordinary conformal invariance. The fluctuations of these modes are 
damped by explicitly symmetry breaking time derivatives which enter the theory in combina-
tions ∼ ∂τ /J and play a role comparable to that of an external magnetic field in a ferromagnet. 
Due to the low dimensionality of the model all time-dependent correlation functions must be 
qualitatively affected by these fluctuations in the long time limit, where the breaking of symme-
try becomes weak. In particular one should expect the mean-field amplitudes of all observables 
(such as e.g. Green functions) to be qualitatively changed at low frequencies, i.e. in the limit 
where the Mermin–Wagner theorem enforces a restoration of the full symmetry via proliferating 
Goldstone mode fluctuations.

Previous work [4] took a step towards an effective action S[f (τ)] for the reparameteriza-
tion Goldstone modes and studied their effects to lowest (quadratic) order in perturbation theory. 
While this is sufficient to describe short time correlations, a different treatment is required in the 
infrared regime. In this paper we point out that the action S[f ] can be mapped onto the action of 
the Liouville quantum mechanics, i.e. quantum mechanics in an exponential potential [5–7]. This 
reformulation sets the stage for the treatment of the correlation functions in fluctuation domi-
nated long time regime. We will show that at long times, τJ > N lnN , all correlation functions 
crossover to qualitatively different power laws. The ensuing long time asymptotics imply the 
vanishing of the mean-field two-point function at low frequencies. Where the four point function 
is concerned they represent operator correlations beyond those perturbatively (diagrammatically) 
described previously. Finally, the equivalence of the low frequency problem to Liouville quan-
tum mechanics implies [8,9] that two-time correlation functions 〈O(τ )O(τ ′)〉 ∼ |τ − τ ′|−3/2 of 
arbitrary operators must decay with a universal 3/2-power law at large times. It stands to reason 
that this type of universality must reflect in the manifestations of a holographic correspondence in 
the infrared. However, the discussion of such correspondences is beyond the scope of the present 
paper and may become a subject of future work.
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