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Abstract

We couple Chern–Simons gauge theory to 3-dimensional topological gravity with the aim of investigat-
ing its quantum topological invariance. We derive the relevant BRST rules and Batalin–Vilkovisky action.
Standard BRST transformations of the gauge field are modified by terms involving both its anti-field and
the super-ghost of topological gravity. Beyond the obvious couplings to the metric and the gravitino, the BV
action includes hitherto neglected couplings to the super-ghost. We use this result to determine the topo-
logical anomalies of certain higher ghost deformations of SU(N) Chern–Simons theory, introduced years
ago by Witten. In the context of topological strings these anomalies, which generalize the familiar framing
anomaly, are expected to be cancelled by couplings of the closed string sector. We show that such couplings
are obtained by dressing the closed string field with topological gravity observables.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction and summary

Classical Chern–Simons (CS) theory [1] on a 3-dimensional manifold M3 is both gauge invari-
ant and invariant under space–time diffeomorphisms, without the need to introduce a space–time
metric gμν . In the quantum theory the metric appears in the gauge-fixing term: The issue regard-
ing topological anomalies is whether or not quantum averages depend on the chosen metric.
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It was understood by Witten, in his celebrated paper [2], that quantum CS theory indeed
suffers from a topological anomaly, the so-called framing anomaly.1 In the present work we
address the question of quantum topological invariance in certain generalizations of CS gauge
theory which were introduced by Witten in [4] and which are obtained by adding observables
with higher ghost number to the classical CS action.

We will formulate the problem by making use of a trick which goes back to the early days of
BRST renormalization methods2 and which can be explained as follows. Consider a gauge-fixed
action

(1.1)Γ
(
αi

) = Γ0 + S0χ
(
αi

)
where Γ0 is the classical action, S0 is the BRST operator, χ(αi) is the gauge-fermion which
depends on the commuting parameters αi . To simplify the notation we dropped any references to
either fields or sources. The goal is understanding the (in)dependence on αi of quantum averages,
which we schematically denote as

(1.2)Z
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e
i
h̄
Γ (αi )

To study this question one extends the action of S0 to the parameters αi by defining a new
nilpotent BRST operator Ŝ

(1.3)Ŝ ≡ S0 + βi∂αi

where βi are anti-commuting variables. The Ŝ-invariant classical action

(1.4)Γ̂
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) ≡ Γ0 + Ŝχ
(
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)
defines a new “partition function” which, in general, depends on both αi and βi :
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Z(αi, βi) satisfies, up to anomalies, the identity
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It admits an expansion in terms of the anti-commuting variables
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) + · · ·
whose first term is the original quantum average one is interested in

(1.8)Z(0)
(
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) = Z
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)
The identity (1.6) translates into identities for each one of the Z

(k)
i1...ik

(αi). The first one, with
k = 0, is:

(1.9)βi ∂

∂αi

Z(0)
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∂αi

Z
(
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) = 0

1 For a discussion which expands on the local presentation of the framing anomaly, the point of view of the present
paper, see also [3].

2 This idea, which appears to have been known to BRST experts for quite a long time, was rediscovered several times
in different contexts. It was applied, for example, in [5] to Yang–Mills theory and in [6] to supersymmetry.
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