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We consider higher-order derivative interactions beyond second-order generalized Proca theories that 
propagate only the three desired polarizations of a massive vector field besides the two tensor 
polarizations from gravity. These new interactions follow the similar construction criteria to those 
arising in the extension of scalar–tensor Horndeski theories to Gleyzes–Langlois–Piazza–Vernizzi (GLPV) 
theories. On the isotropic cosmological background, we show the existence of a constraint with a 
vanishing Hamiltonian that removes the would-be Ostrogradski ghost. We study the behavior of linear 
perturbations on top of the isotropic cosmological background in the presence of a matter perfect fluid 
and find the same number of propagating degrees of freedom as in generalized Proca theories (two tensor 
polarizations, two transverse vector modes, and two scalar modes). Moreover, we obtain the conditions 
for the avoidance of ghosts and Laplacian instabilities of tensor, vector, and scalar perturbations. We 
observe key differences in the scalar sound speed, which is mixed with the matter sound speed outside 
the domain of generalized Proca theories.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

General Relativity (GR) is still the fundamental theory for de-
scribing the gravitational interactions even after a century. Cosmo-
logical observations [1–3] led to the standard model yielding an 
accelerated expansion of the late Universe driven by the cosmo-
logical constant. The standard model of particle physics describes 
the strong and electro-weak interactions with an exquisite experi-
mental success marking the milestone in high-energy physics. It is 
still a big challenge to unify gravity with the known forces in Na-
ture and to merge these two standard models into a single theory. 
Moreover, employing the usual techniques of quantum field the-
ory, we are not able to explain the small observed value of the 
cosmological constant. On the other hand, this has motivated to 
consider infra-red modifications of gravity which could account for 
an appropriate screening of the cosmological constant. On a similar 
footing, one can also consider infra-red gravitational modifications 
to realize an effective negative pressure against gravity in form of 
dark energy [4].

The simplest and mostly studied large-distance modification 
of gravity is attributed to an additional scalar field beyond the 
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standard model of particle physics, e.g., the DGP braneworld [5], 
Galileons [6], and massive gravity [7]. The scalar field arising in 
such theories can have non-trivial self-interactions but also it can 
be generally coupled to gravity [8,9]. These interactions have to be 
constructed with great caution to guarantee the absence of ghost-
like Ostrogradski instability [10], which otherwise would yield an 
unbounded Hamiltonian from below.

It is well known that matter fields have to be coupled to the 
Lovelock invariants or to the divergence-free tensors constructed 
from the Lovelock invariants. Hence they can for instance couple to 
the volume element 

√−g and to the Ricci scalar R which are the 
only two non-trivial Lovelock invariants, since the Gauss–Bonnet 
term is topological in four dimensions. Furthermore, they can cou-
ple to the divergence-free metric gμν , Einstein tensor Gμν , and the 
double dual Riemann tensor Lμναβ . In flat space–time the ghost-
free scalar interactions with derivatives acting on them are known 
as the Galileon interactions [6]. If one would naively promote the 
partial derivatives to covariant derivatives, this procedure would 
yield the equations of motion higher than second order [10]. The 
appearance of higher-order derivative terms can be avoided by in-
troducing non-minimal couplings to gravity through the Lovelock 
invariants or the divergence-free tensors.

Horndeski theories [11] constitute the most general scalar–
tensor interactions with second-order equations of motion. In 
these theories there is only one scalar degree of freedom (DOF) 
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besides two graviton polarizations without having the Ostrogradski 
instability [12]. It is a natural question to ask whether abandoning 
the requirement of second-order equations of motion inevitably 
alters the propagating DOF. Allowing interactions beyond the Horn-
deski domain will introduce derivative interactions higher than 
second order. However, this does not necessarily mean that the 
number of propagating DOF increases. Exactly this spirit was fol-
lowed in GLPV theories [13], where they expressed the Horndeski 
Lagrangian in terms of the 3 + 1 Arnowitt–Deser–Misner (ADM) 
decomposition of space–time in the unitary gauge [14] and did 
not impose the two conditions that Horndeski theories obey. The 
Hamiltonian analysis in the unitary gauge revealed that there is 
still only one scalar DOF [15]. The cosmology and the spherically 
symmetric solutions in GLPV theories have been extensively stud-
ied in Refs. [16–19]. The ghost freedom beyond the unitary gauge 
and beyond a conformal and disformal transformation is still an 
ongoing research investigation in the literature [20–25].

Even if the large-distance modifications of gravity through a 
scalar field are simpler, considerations in form of a vector field 
can yield interesting phenomenology for the cosmic expansion and 
growth of large-scale structures. Furthermore, the presence of the 
vector field might explain the anomalies reported in CMB ob-
servations [26]. For a gauge-invariant vector field, the only new 
interaction is via a coupling of the field strength tensor to the dou-
ble dual Riemann tensor. Unfortunately, the existence of derivative 
self-interactions similar to those arising for covariant Galileons is 
forbidden for a massless, Lorentz-invariant vector field coupled to 
gravity [27].

However, this negative result does not apply to massive vec-
tor fields, for which one can successfully construct derivative self-
interactions due to the broken U (1) symmetry. The idea was to 
construct interactions with only three propagating degrees of free-
dom, out of which two would correspond to the transverse and 
one to the longitudinal mode of the vector field. This was sys-
tematically constructed in Ref. [28] together with the Hessian and 
Hamiltonian analysis. The key point is the requirement that the 
longitudinal mode belongs to the class of Galileon/Horndeski theo-
ries. This constitutes the generalized Proca theories up to the quin-
tic Lagrangian on curved space–time with second-order equations 
of motion, which is guaranteed by the presence of non-minimal 
couplings to the Lovelock invariants in the same spirit as in the 
scalar Horndeski theories [28–31].

One can also construct the sixth-order derivative interactions, if 
one allows for trivial interaction terms for the longitudinal mode 
[30,31]. Its generalization to curved space–time contains the dou-
ble dual Riemann tensor, which keeps the equations of motion up 
to second order [31]. In fact, this sixth-order Lagrangian accommo-
dates similar vector–tensor theories constructed by Horndeski in 
1976 [32]. We refer the reader to Refs. [33–41] for related works. 
The second-order massive vector theories up to the sixth-order 
Lagrangian studied in Refs. [31,40,41] constitute the generalized 
Proca theories.

It is a natural follow-up question to ask whether or not the 
extension of generalized Proca theories is possible in such a way 
that there are still three propagating vector DOF even with deriva-
tives higher than second order. In the GLPV extension of Horndeski 
theories, the Lagrangians of two additional scalar derivative inter-
actions can be expressed in terms of the anti-symmetric Levi-Civita 
tensor. Outside the domain of generalized Proca theories, one can 
also construct generalized Lagrangians by using the Levi-Civita ten-
sor. It is then expected that, in beyond-generalized Proca theories, 
the longitudinal vector mode would have some correspondence 
with the scalar mode in GLPV theories, but there will be also new 
interactions corresponding to the purely intrinsic vector modes.

In this Letter, we will propose candidates for new beyond-
generalized Proca Lagrangians in Sec. 2 to study the possibility of 
the healthy extension of generalized Proca theories. In Sec. 3 we 
derive the background equations of motion on the flat Friedmann–
Lemaître–Robertson–Walker (FLRW) background and the associ-
ated Hamiltonian H. We see that, even in the presence of these 
new interactions, there exists a second class constraint (H = 0) 
that removes the Ostrogradski ghost. In Sec. 4 we consider lin-
ear cosmological perturbations on the flat FLRW background and 
show that the number of DOF in beyond-generalized Proca the-
ories is not altered relative to that in generalized Proca theories. 
We also study what kinds of differences arise for the stability of 
perturbations by extending generalized Proca theories to beyond-
generalized Proca theories. Sec. 5 is devoted to conclusions and 
future outlook.

2. Extension of generalized Proca theories to beyond-generalized 
Proca theories

The generalized Proca theories are characterized by second-
order interactions with two transverse and one longitudinal po-
larizations of a vector field Aμ coupled to gravity. Introducing 
the field tensor Fμν = ∇μ Aν − ∇ν Aμ , where ∇μ is the covari-
ant derivative operator, the four-dimensional action of generalized 
Proca theories is given by

Sgen.Proca =
∫

d4x
√−g

6∑
i=2

Li , (2.1)

where g is the determinant of the metric tensor gμν , and

L2 = G2(X, F , Y ) , (2.2)

L3 = G3∇μ Aμ , (2.3)

L4 = G4 R + G4,X

[
(∇μ Aμ)2 − ∇ρ Aσ ∇σ Aρ

]
, (2.4)

L5 = G5Gμν∇μ Aν − 1

6
G5,X [(∇μ Aμ)3

− 3∇μ Aμ∇ρ Aσ ∇σ Aρ + 2∇ρ Aσ ∇γ Aρ∇σ Aγ ]
− g5 F̃ αμ F̃ β

μ∇α Aβ , (2.5)

L6 = G6Lμναβ∇μ Aν∇α Aβ

+ 1

2
G6,X F̃ αβ F̃ μν∇α Aμ∇β Aν . (2.6)

The function G2 depends on the following three quantities

X = − Aμ Aμ

2
, F = − Fμν F μν

4
, Y = Aμ Aν Fμ

α Fνα , (2.7)

while G3,4,5,6 and g5 are arbitrary functions of X with the notation 
Gi,X ≡ ∂Gi/∂ X . The vector field is coupled to the Ricci scalar R and 
the Einstein tensor Gμν through the functions G4(X) and G5(X). 
The Lμναβ and F̃ μν are the double dual Riemann tensor and the 
dual strength tensor defined, respectively, by

Lμναβ = 1

4
Eμνρσ Eαβγ δ Rρσγ δ , F̃ μν = 1

2
Eμναβ Fαβ , (2.8)

where Rρδγ δ is the Riemann tensor and Eμνρσ is the Levi-Civita 
tensor obeying the normalization Eμνρσ Eμνρσ = −4!. We can po-
tentially include the dependence of the quantity F μν F̃μν in the 
function G2 [28,36]. If we impose the parity invariance, however, 
it does not contribute to the perturbations at linear order, so we 
do not take into account such dependence in G2.

The action (2.1) was constructed to keep the equations of mo-
tion up to second order to avoid the appearance of an extra DOF 
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