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We construct black holes with a Ricci-flat horizon in Einstein–Yang–Mills theory with a negative 
cosmological constant, which approach asymptotically an AdSd spacetime background (with d ≥ 4). These 
solutions are isotropic, i.e. all space directions in a hypersurface of constant radial and time coordinates 
are equivalent, and possess both electric and magnetic fields. We find that the basic properties of the 
non-Abelian solutions are similar to those of the dyonic isotropic branes in Einstein–Maxwell theory 
(which, however, exist in even spacetime dimensions only). These black branes possess a nonzero 
magnetic field strength on the flat boundary metric, which leads to a divergent mass of these solutions, 
as defined in the usual way. However, a different picture is found for odd spacetime dimensions, where a 
non-Abelian Chern–Simons term can be incorporated in the action. This allows for black brane solutions 
with a magnetic field which vanishes asymptotically.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and motivation

In recent years there has been some interest in studying the 
AdS/CFT correspondence [1,2], in the presence of a background 
magnetic field. On the bulk side, this corresponds to solving the 
Einstein-gauge field system of equations, with suitable boundary 
conditions such that the AdS background is approached asymp-
totically, while the magnetic field does not trivialize. Several new 
classes of such solutions have been found in this way, most of 
them for the case of main interest of asymptotically AdS5 con-
figurations with Abelian fields. For example, the results in [3,4]
revealed the existence of a variety of unexpected features of these 
solutions; here we mention only that their study is relevant for the 
issue of the third law of thermodynamics in the AdS/CFT context.

The investigation of the non-Abelian (nA) generalizations of 
these solutions is only in its beginning stages. Considering such 
configurations is a legitimate task, since the gauged supersymmet-
ric models generically contain Yang–Mills fields (although usually 
only Abelian truncations are considered). To date, the only case in-
vestigated systematically corresponds to that in four (d = 4) space-
time dimensions (see [5] for a review of these solutions). The 
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four-dimensional nA asymptotically-AdS (AAdS) solutions exhibit 
many new features which are absent for � ≥ 0. For example, sta-
ble1 solitons and black holes, possessing a global magnetic charge, 
are known to exist in a globally AdS4 background even in the ab-
sence of a Higgs field [6,7]. However, the results in [8,9] show that 
these Einstein–Yang–Mills (EYM) black holes solutions have also 
generalizations with a nonspherical event horizon topology, in par-
ticular with a Ricci-flat horizon and a magnetic field which does 
not vanish asymptotically. They share many of the features of the 
spherical configurations in [6,7], in particular the existence of so-
lutions stable against linear fluctuations. The only d > 4 nA AAdS 
solutions black holes studied more systematically so far are those 
possessing spherical event horizon topology [11–14], though some 
solutions with Ricci-flat horizon have been studied in [15,16].

In an unexpected development, the study of the d = 4, 5 EYM 
black brane solutions has led to the discovery of holographic su-
perconductors and holographic superfluids, describing condensed 
phases of strongly coupled, planar, gauge theories [10]. Study-
ing such solutions involves the construction of AAdS electrically 
charged black branes, which, below a critical temperature become 
unstable to forming YM hair. However, the magnetic field of these 

1 The stability is against linear perturbations, and is not topological.
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configurations vanishes on the boundary, leading to a vanishing 
background magnetic field for the dual theory.

The main purpose of this work is to present an investigation 
of d ≥ 4 AAdS isotropic black branes supporting both electric and 
magnetic nA fields. In contrast to previous studies in the litera-
ture, the magnetic fields of these solutions do not vanish on the 
boundary, which leads to a variety of interesting features. For ex-
ample, we find that the mass of these asymptotically AdS solutions, 
as defined in the usual way, always diverges, while the solutions 
do not posses a regular extremal limit. In odd-dimensional space-
times, when a Chern–Simons term is added to the total action, it is 
found that a special class of solutions exhibit a nontrivial magnetic 
field in the bulk while vanishing asymptotically.

2. The Einstein–Yang–Mills system

We consider the EYM theory in a d-dimensional spacetime, 
with a cosmological constant � = −(d − 2)(d − 1)/(2L2). The ac-
tion is

I =
∫
M

ddx
√−g

(
1

16πG
(R − 2�) − 1

4
∗F ∧ F

)
+ Sbndy. (1)

The boundary terms Sbndy include the Gibbons–Hawking term [17]
as well as the counterterms required for the on-shell action to be 
finite [18]. The Einstein and Yang–Mills equations derived from the 
above action are

Rμν − 1

2
Rgμν + �gμν = 8πG Tμν, DμF μν = 0, (2)

where Dμ is the gauge derivative and the Yang–Mills stress-energy 
tensor

Tμν = 1

2

(
F I J
μρ F I J

νσ gρσ − 1

4
gμν F I J

ρσ F I Jρσ

)
. (3)

We are interested in static Ricci-flat solutions which approach 
asymptotically a (planar) AdSd background. Also, to simplify the 
picture, we shall restrict our study to the following case: denoting 
the radial and time coordinate by r and t respectively and consid-
ering the hypersurfaces parametrized by xi (i = 1, . . . , d −2 and r, t
fixed), we assume that all space directions in these hypersurfaces 
are equivalent. Thus the field strength and the metric are taken to 
be invariant under space translations and rotations in the planes 
(xi, x j); they are also time independent. Without any loss of gen-
erality, a line element with this property can be written in the 
form

ds2 = grr(r)dr2 + g��(r)d�2
d−2 + gtt(r)dt2, (4)

with d�2
d−2 = (dx1)2 + . . . + (dxd−2)2 the metric on the (d − 2)-flat 

space.
The above symmetry requirements imply some restrictions on 

the choice of the gauge group. Restricting to SO(n) YM fields, one 
finds that a YM ansatz leading to an isotropic energy–momentum 
tensor for both even and odd values of d is possible for n ≥ d + 1
only.2

In this work we shall consider an SO(d + 1) gauge group, with 
d(d − 1)/2 SO(d + 1) nA gauge fields represented by the 1-form 
potential AI J antisymmetric in I and J (with I, J = 1, . . . , d + 1) 

2 Note that, for even values of d, one can consider instead a gauge group SO(d −
1), which leads to isotropic EYM branes. A study of this case has been proposed in 
[15] (Ansatz I there). However, the properties of those solutions are rather different 
to the case of interest here.

and F I J = dAI J + 1
ĝ

A I K ∧ AK J , with ĝ the Yang–Mills coupling. 
Also, to simplify the relations, it is convenient to define

α2 = 4πG

ĝ2
. (5)

3. Embedded Abelian solutions

Before proceeding to the non-Abelian case, it is instructive 
to consider the dyonic black branes in Einstein–Maxwell theory, 
(i.e. the gauge fields taking their values in the U (1) subgroup of 
SO(d + 1)). A gauge field ansatz compatible with the symmetries 
of the line-element (4) can be constructed for an even number of 
spacetime dimensions only, d = 2n + 2 and reads3

AI J
1 = w2

0

ĝ
x2δ I

[dδ
J

d+1], AI J
2 = − w2

0

ĝ
x1δ I

[dδ
J

d+1],
. . . ,

AI J
2n−1 = w2

0

ĝ
x2nδ I

[dδ
J

d+1], AI J
2n = − w2

0

ĝ
x2n−1δ I

[dδ
J

d+1],

AI J
r = 0, AI J

t = V (r)

ĝ
δ I
[dδ

J
d+1], (6)

with w0 an arbitrary parameter which fixes the magnetic field in 
a two plane, F I J

21 = . . . = F I J
2n2n−1 = 2w2

0
ĝ

δ I
[dδ

J
d+1] . Choosing a met-

ric gauge with g�� = r2, one finds4 a black brane solution with 
1/grr = −gtt = N(r), where

N(r) = r2

L2
− M0

rd−3
+ 2

(d − 3)(d − 2)

α2 Q 2

r2(d−3)

− 4

(d − 5)

α2 w4
0

r2
, (7)

and

V (r) = V 0 − Q

(d − 3)rd−3
, (8)

with V 0 a constant which is fixed by requiring that the electric 
potential vanish at the horizon. Apart from w0, this solutions pos-
sesses two more parameters: M0 and Q , which fixes the mass and 
the electric charge densities, respectively.

This black brane possesses an horizon at r = rH > 0, where 
N(rH ) = 0 (and N ′(rH ) ≥ 0). The Hawking temperature T H , the 
event horizon area density AH , the chemical potential 
 and the 
electric charge density Q e of this solution are

T H = 1

4π

(
(d − 1)

rH

L2
− 2α2

rH

(
2w4

0

r2
H

+ 1

(d − 2)

Q 2

r2(d−3)
H

))
,

AH = rd−2
H ,


 = 1

d − 3

Q

rd−3
H

, Q e = α2

4π
Q . (9)

One can easily verify that the total mass of the solutions, as 
defined according to the counterterm prescription in [18], diverges 
for any (even) d > 4 due to the slow decay of the magnetic fields, 
despite the fact that the spacetime is still AAdS. A finite mass den-
sity results when a boundary term

3 The ansatz (6), (4) can be extended to the case of odd d by adding a number of 
codimensions yμ , with AI J

μ = 0; however, this leads to anisotropic configurations.
4 A version of this solution has been considered in a more general context in [24]. 

Also, its purely magnetic limit, Q = 0, has been discussed in [3].
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