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We consider a class of non-local gravity theories where the Lagrangian is a function of powers of the 
inverse d’Alembertian operator acting on the Ricci scalar. We take an approach in which the non-local 
Lagrangian is made local by introducing auxiliary scalar fields, and study the degrees of freedom of the 
localized Lagrangian. We find that among the auxiliary scalar fields introduced, some of them are always 
ghost-like. That is, in the Einstein frame they develop a negative kinetic term. Because of this, except for 
a particular case already known in the literature, in general, it is not clear how to quantize these models 
and how to interpret this theory in the light of standard field theory.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Among the theories introduced to describe the late-time ac-
celeration of the universe, the modified-gravity paradigm has at-
tracted much interest, because it explicitly states that the reason 
for the acceleration of the universe is due to a modified gravity 
law which is mostly felt at very large scales. The exploration of dif-
ferent ways of modifying gravity have started since the pioneeristic 
works in the so-called f (R) gravity. Many other theories have been 
proposed since then. Among others, let us mention a few of them 
here: the extension of f (R) theories to f (R, G) theories where G
stands for the Gauss–Bonnet term, the DGP model motivated by 
the possible existence of spatial extra-dimensions, Galileon theo-
ries and general scalar–tensor theories of the Horndeski Lagrangian 
with second order differential equations. All these theories gener-
alize the Einstein–Hilbert Lagrangian by introducing second order 
Lagrangians (or Lagrangians which reduce to them, as in the f (R)

case) for gravity and some extra scalar degrees of freedom. More 
recently a new class of modifications of gravity has been intro-
duced, so-called non-local theories of gravity. The Lagrangian of 
these theories consists of terms which are non-local in the form 
f (· · · , �−1 R, · · ·) [1]. These theories have attracted some atten-
tion both theoretically [2–20] and phenomenologically [21–26], as 
a possible alternative to dark energy that renders the universe ac-
celerated at late times.

How to deal with this kind of Lagrangian is a non-trivial topic. 
We will consider here the case of a general function studied re-
cently in the literature [27]
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L = √−g f (R,�−1 R, · · · ,�−n R) , with n < +∞ , (1)

and we will try to understand its content. The meaning of such 
terms in the Lagrangian is obscure, and not very well understood. 
Some people take the point of view (see e.g. [4]) that, in order to 
make it sensible, the �−1 operator must be replaced by the oper-
ator �−1

ret where the subscript “ret” means the retarded boundary 
condition. This point of view is non-standard in the conventional 
context of variational calculus where setting initial data is a defin-
ing constituent of a theory at level of the action. Further it is un-
conformable to the usual quantization procedure known for known 
theories based on the Lagrangian formalism.

In this paper, we take a different approach. Pursuing the stan-
dard picture of classical/quantum field theory, we interpret the 
non-local Lagrangian (1) as equivalent to another, local Lagrangian 
which can be derived by introducing auxiliary fields. The result-
ing Lagrangian can be studied with the usual tools of field theory. 
Namely we consider the Lagrangian,

L = √−g

[
f (σ , U1, U2, · · · , Un) + ∂ f

∂σ
(R − σ) + λ1(R − �U1)

+ λ2(U1 − �U2) + · · · + λn(Un−1 − �Un)

]
. (2)

Having the new local Lagrangian (2), we can perform the usual 
study of the degrees of freedom in the theory. We then find that 
such a Lagrangian contains in general n ghost-like propagating de-
grees of freedom in any background. Special cases are also studied, 
such as the case ∂2 f /∂σ 2 = 0, separately. In all these subcases 
we find a finite number of ghost degrees of freedom except for 
the n = 1 case. These ghosts are unavoidable, in the sense that 
they cannot be gauged away. Therefore their presence would make 
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these models, in general, unviable, unless one tunes the mass of 
these modes to values larger than the cut-off of the theory.

This paper is organized as follows. In Section 2 we rewrite the 
general non-local Lagrangian in the form of a localized Lagrangian 
as given by Eq. (2) and analyze its physical degrees of freedom. 
In Section 3, we focus on a special case where the Lagrangian is 
linear in the Ricci scalar, that is, the case ∂2 f /∂σ 2 = 0 in Eq. (2). 
Section 4 is devoted to discussions and conclusion.

2. General non-local gravity action

Let us consider the general action,

S =
∫

d4x
√−g f ;

f ≡ f1(R,�−1 R,�−2 R, · · · ,�−n R)

+ f2(�−1 R,�−2 R, · · · ,�−m R) , (3)

where f is a general function of �−k R (k = 0, 1, 2, · · · , max(n, m)), 
where n and m are positive integers, i.e. 1 ≤ (m, n) < ∞, and the 
function f1 is chosen by the condition that it satisfies

∂2 f

∂ R∂(�−n R)
= ∂2 f1

∂ R∂(�−n R)
�= 0 . (4)

Thus n is the largest integer for which this inequality holds. Note 
that the choice of f1 is not unique, given the function f , but this 
ambiguity does not affect our discussion below.

As already mentioned in the Introduction, by allowing ourselves 
to interpret the action (1) as a model which can be redefined in 
terms of a local action (without e.g. assuming the d’Alembertian
operators restricted on particular or prior-given boundary condi-
tions, which would result in considering different theories), we can 
rewrite the action as

Sm≤n =
∫

d4x
√−g

[
f1(σ , U1, U2, · · · , Un) + ∂ f1

∂σ
(R − σ)

+ f2(U1, · · · , Um) + λ1(R − �U1) + λ2(U1 − �U2)

+ · · · + λn(Un−1 − �Un)

]
, (5)

or

Sm>n =
∫

d4x
√−g

[
f1(σ , U1, U2, · · · , Un) + ∂ f1

∂σ
(R − σ)

+ f2(U1, · · · , Um) + λ1(R − �U1) + λ2(U1 − �U2)

+ · · · + λn(Un−1 − �Un) + · · · + λm(Um−1 − �Um)

]
.

(6)

By taking the equations of motion for the fields σ , and λi (i =
1, · · · , n), we find

∂2 f1

∂σ 2
(R − σ) = 0 , (7)

R = �U1 , (8)

U1 = �U2 , (9)

· · ·
Un−1 = �Un , (10)

for m ≤ n, and the additional equations,

Un = �Un+1 , (11)

· · ·
Um−1 = �Um , (12)

for m > n. Therefore provided that ∂2 f1/∂σ
2 �= 0, we obtain

σ = R , (13)

U1 = �−1 R , (14)

U2 = �−1U1 = �−2 R , (15)

· · ·
Un = �−1Un−1 = �−n R , (16)

for m ≤ n, and additionally

Un+1 = �−1Un = �−n−1 R , (17)

· · ·
Um = �−1Um−1 = �−m R , (18)

for m > n. We regard the original non-local Lagrangian (3) as 
equivalent to the new one, (5) or (6).

The importance of the new action, (5) or (6), is that it is now 
clear how many degrees of freedom are present, and their scalar 
nature. In fact, we can rewrite them as

Sm≤n =
∫

d4x
√−g

[(
∂ f1

∂σ
+ λ1

)
R

+ gαβ(∂αλ1∂β U1 + ∂αλ2∂β U2 + · · · + ∂αλn∂β Un)

+ f1(σ , U1, U2, · · · , Un) − σ
∂ f1

∂σ
+ λ2U1 + · · ·

+ λnUn−1 + f2(U1, · · · , Um)

]
, (19)

and

Sm>n =
∫

d4x
√−g

[(
∂ f1

∂σ
+ λ1

)
R

+ gαβ(∂αλ1∂β U1 + ∂αλ2∂β U2 + · · · + ∂αλm∂β Um)

+ f1(σ , U1, U2, · · · , Un) − σ
∂ f1

∂σ
+ λ2U1 + · · ·

+ λmUm−1 + f2(U1, · · · , Um)

]
. (20)

Let us make a field redefinition as

∂ f1

∂σ
+ λ1 = �, (21)

which can be solved for Un provided

∂2 f1

∂σ∂Un
�= 0 , (22)

which is guaranteed by definition, as given by Eq. (4). Notice that 
Eq. (22), or, in our approach, its equivalent form (4), excludes Gen-
eral Relativity in this class of theories. Therefore the set of theories 
considered here, are those ones for which it is possible to solve 
Eq. (21) in terms of the field Un . In fact, the field Un becomes a 
function of the other n + 2 fields as

Un = Un(σ , U j,� − λ1) ; j = 1, · · · ,n − 1 . (23)
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