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1. Introduction

Observations of type Ia supernovae [1] and cosmic microwave
background [2] have revealed that the universe is undergoing an
accelerating phase in its expansion. The explanation of this accel-
eration in the context of general relativity has stimulated a myriad
of ideas, the most notable of which is the introduction of a mys-
terious cosmic fluid, the so-called dark energy [3]. In more recent
times, modified theories of gravity, constructed by adding correc-
tion terms to the usual Einstein-Hilbert action, have opened a new
window to study the accelerated expansion of the universe where
it has been shown that such correction terms could give rise to ac-
celerating solutions of the field equations without having to invoke
concepts such as dark energy [4].

In a more general setting, one can use a generic function, f(R),
instead of the usual Ricci scalar R as the action for the model. Such
f(R) gravity theories have been extensively studied in the litera-
ture over the past few years. In finding the dynamical equations of
motion one can vary the action with respect to the metric (met-
ric formalism), or view the metric and connections as independent
dynamical variables and vary the action with respect to both inde-
pendently (Palatini formalism) [5]. In this theory, the Palatini form
of the action is shown to be equivalent to a scalar-tensor type the-
ory from which the scalar field kinetic energy is absent. This is
achieved by introducing a conformal transformation in which the
conformal factor is taken as an auxiliary scalar field [6]. As is well
known, in the usual Einstein-Hilbert action these two approaches
give the same field equations. However, in f(R) gravity the Palatini

E-mail address: b-vakili@sbu.ac.ir.

0370-2693/$ - see front matter © 2008 Published by Elsevier B.V.
doi:10.1016/j.physletb.2008.05.008

formalism leads to different dynamical equations due to nonlinear
terms in the action. There is also a third version of f(R) gravity in
which the Lagrangian of the matter depends on the connections of
the metric (metric-affine formalism) [7].

In this Letter we consider an (n + 1)-dimensional flat FRW
space-time in the framework of the metric formalism of f(R)
gravity. Following [8], we set up an effective Lagrangian in which
the scale factor a and Ricci scalar R play the role of indepen-
dent dynamical variables. This Lagrangian is constructed in such
a way that its variation with respect to a and R yields the cor-
rect equations of motion as that of an action with a generic f(R)
mentioned above. The form of the function f(R) appearing in the
modified action is then found by demanding that the Lagrangian
admits the desired Noether symmetry [9]. By the Noether symme-
try of a given minisuperspace cosmological model we mean that
there exists a vector field X, as the infinitesimal generator of the
symmetry on the tangent space of the configuration space such
that the Lie derivative of the Lagrangian with respect to this vec-
tor field vanishes. For a study of the Noether symmetry in various
cosmological models see [10]. We shall see that by demanding the
Noether symmetry as a feature of the Lagrangian of the model un-
der consideration, we can obtain the explicit form of the function
f(R). Since the existence of a symmetry results in a constant of
motion, we can integrate the field equations which would then
lead to a power law expansion of the universe.

2. The phase space of the model
In this section we consider a spatially flat FRW cosmology

within the framework of f(R) gravity. Since our goal is to study
models which exhibit Noether symmetry, we do not include any
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matter contribution in the action. Let us start from the (n + 1)-
dimensional action (we work in units where c =167G =1)

SZ/ X JZEF(R), (1)

where R is the scalar curvature and f(R) is an arbitrary function
of R. By varying the above action with respect to metric we obtain
the equation of motion as

1
ig/wf(R) - Rp,vf/(R) + Vuvvf/(R) - g/wa/(R) =0, (2)

where a prime represents differentiation with respect to R. We as-
sume that the geometry of space-time is described by the flat FRW
metric which seems to be consistent with the present cosmological
observations

n

ds? = —d? + a>(©) Y (dx')”. 3)
i=1

With this background geometry the field equations read

nmn—1)

(n—1H+ H?
=—%[f”RZ+(n—1)HRf”+f”ié+%(f—Rf/)], (4)
1 ,
2_ - 2 _ "
H* = n(n—l)f/[(f R — f)—2nRHf"], (5)

where H = a/a is the Hubble parameter and a dot represents dif-
ferentiation with respect to t. To study the symmetries of the min-
isuperspace under consideration, we need an effective Lagrangian
for the model whose variation with respect to its dynamical vari-
ables yields the correct equations of motion. Following [8], by con-
sidering the action described above as representing a dynamical
system in which the scale factor a and scalar curvature R play the
role of independent dynamical variables, we can rewrite action (1)
as [11]

S:/dtﬁ(a,d,R,R)

a2 a
:/dr{a”f(R)—A[R—n(n—l)a—z—ZHE]}, (6)

where we introduce the definition of R in terms of a and its
derivatives as a constraint. This procedure allows us to remove
the second order derivatives from action (6). The Lagrange mul-
tiplier A can be obtained by variation with respect to R, that
is, A =a" f'(R). Thus, we obtain the following Lagrangian for the
model [8,11]

L(a,a, R, R) =nm—1)a*d" 2 f +2naRa™ ' f”" +a"(f'R— f). (7)

The momenta conjugate to variables a and R are

L . .
Pa= o= 2n(n — Daa" 2 f' + 2na" 'R f”, (8)
oL
= =2naa""1f". 9
PR= "% f 9)

The Hamiltonian correspondjng to Lagrangian (7) can then be writ-
ten in terms of @, @, R and R as
H(a,a, R, R) =nn — 1)a*d" 2 f' + 2naRa™ 1 f"

—d"(f'R—=f). (10)

Therefore, our cosmological setting is equivalent to a dynamical
system where the phase space is spanned by {a, R, pq, pr} with La-
grangian (7) describing the dynamics with respect to time t. Now,

it is easy to see that variation of Lagrangian (7) with respect to R

gives the following well-known relation for the scalar curvature
a2 d

R=n(n—-1)— +2n-, (11)
a a

while variation with respect to a yields the field equation (4). Also,

Eq. (5) is nothing but the zero energy condition H = 0 (Hamilto-

nian constraint). A quantum f(R) cosmological model based on

Hamiltonian (10) can be found in [12].

The setup for constructing the phase space and writing the La-
grangian is now complete. In the next section we shall use the
above Lagrangian to find the form of f(R) that would admit a
Noether symmetry.

3. The Noether symmetry

As is well known, Noether symmetry approach is a powerful
tool in finding the solution to a given Lagrangian, including the
one presented above. In this approach, one is concerned with find-
ing the cyclic variables related to conserved quantities and conse-
quently reducing the dynamics of the system to a manageable one.
The investigation of Noether symmetry in the model presented
above is therefore the goal we shall pursue in this section. Here
our aim is to find the function f(R) such that the corresponding
Lagrangian exhibits the desired symmetry. Following [9], we define
the Noether symmetry induced on the model by a vector field X
on the tangent space TQ = (a, R, a, R) of the configuration space
Q = (a, R) of Lagrangian (7) through

d 9 dad dB o

X=a—+8 IR’

——— 12
oa oR + dt da (12)

such that the Lie derivative of the Lagrangian with respect to this
vector field vanishes

LxL=0. (13)
In (12), o and B are functions of a and R and % represents the Lie
derivative along the dynamical vector field, that is,
d —g d R d

d™ "da AR’

It is easy to find the constants of motion corresponding to such a
symmetry. Indeed, Eq. (13) can be rewritten as

(14)

ixe=(alf 4 208N | (22 BBIEY (15)
= "o T dr aa OR " dt 9R)
Noting that % = d;;f, we have

dpa  da dpr dp

el /T " = 1
(adt+dtp")+<ﬁdt+dtpR 0. (16)
which yields
d
o @Pa+ BpR) =0, (17)

Thus, the constants of motion are

Q =apq + Bpr. (18)

In order to obtain the functions o and B we use Eq. (15). In gen-
eral this equation gives a quadratic polynomial in terms of @ and R
with coefficients being partial derivatives of & and B with respect
to the configuration variables a and R. Thus, the resulting expres-
sion is identically equal to zero if and only if these coefficients are
zero. This leads to a system of partial differential equations for «
and B. For Lagrangian (7), condition (15) results in
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