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It was found by Hung, Myers and Smolkin that there is entropy discrepancy for the CFTs in 6-dimensional
space-time, between the field theoretical and the holographic analyses. Recently, two different resolutions
to this puzzle have been proposed. One of them suggests to utilize the anomaly-like entropy and the
generalized Wald entropy to resolve the HMS puzzle, while the other one initiates the use of the
entanglement entropy which arises from total derivative terms in the Weyl anomaly to explain the

HMS mismatch. We investigate these two proposals carefully in this note. By studying the CFTs dual
to Einstein gravity, we find that the second proposal cannot solve the HMS puzzle. Moreover, the Wald
entropy formula is not well-defined on horizon with extrinsic curvatures, in the sense that, in general, it
gives different results for equivalent actions.

© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Hung, Myers and Smolkin (HMS) found that the field theoretical
and holographic logarithmic terms of entanglement entropy do not
match for 6d CFTs [1]. For simplicity, we denote this entropy dis-
crepancy as ‘HMS puzzle’ or ‘HMS mismatch’ in this note. Recently,
two different approaches were proposed to resolve this entropy
discrepancy. One of them suggests to utilize the anomaly-like en-
tropy and the generalized Wald entropy derived from the Weyl
anomaly to solve the HMS puzzle [2]. While the other one initi-
ates to use the entropy which arises from total derivative terms in
the Weyl anomaly to explain the HMS mismatch [3,4]. The ques-
tion as to which proposal is correct is an important problem. We
clarify this issue in this note.

It is worth to point out that the results in [3,4] are cru-
cially based on the regularization given in [5]. If the Lewkowycz-
Maldacena regularization [6,7] is applied instead, the entropy of
covariant total derivatives vanishes [8]. This implies that the pro-
posal of [3,4] is unreliable. In this note, we give a solid proof that
the approach in [3,4] actually fails in solving the HMS puzzle.

It is counterintuitive that total derivative terms in the Weyl
anomaly, arising from cohomologically trivial solutions to the

* Corresponding author.
E-mail addresses: huangyue@itp.ac.cn (Y. Huang), rong-xin.miao@aei.mpg.de
(R.-X. Miao).

http://dx.doi.org/10.1016/j.physletb.2015.08.039

Wess-Zumino consistency conditions, contribute to non-zero en-
tropy. Given this fact, the logarithmic term of entanglement en-
tropy of CFTs would depend on the approaches of regularization
[3,4]. However, entropy is physical and thus should be independent
of the choices of regularization. The authors of [3,4] argued that
this is not a problem for 4d CFTs, since no total derivative term
appears in the holographic Weyl anomaly in 4d space-time [9].
Nevertheless, total derivatives do appear in the holographic Weyl
anomaly in 6d space-time. The authors of [3,4] propose to utilize
the entropy arising from these total derivative terms to explain the
HMS mismatch. They did not take into account all the total deriva-
tive terms but only part of them to resolve the HMS mismatch [4].

In this note, we apply the method of [3,4] to investigate the
logarithmic term of entanglement entropy for 6d CFTs dual to Ein-
stein gravity. In contrast to [4], we examine all the total derivative
terms in the holographic Weyl anomaly and find that the field the-
oretical result does not match the holographic analysis. Thus, the
proposal of [3,4] does not resolve the HMS puzzle [1]. This is the
main new result of this note.

We also find that the Wald entropy formula

SL
Swald = —Zﬂ/dXD_Z\/E €ij€xl (1)
SRijki
)
is not well-defined on the horizon with non-zero extrinsic curva-
tures. In general, it is inconsistent with the Bianchi identities. It
turns out that only the total gravitational entropy, which consists
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of Wald entropy [16], the anomaly-like entropy [5,7,13]| and the
generalized Wald entropy [2], is well-defined. Similar to the Weyl
anomaly, the anomaly-like entropy arises from the would-be log-
arithmic terms in the gravitational action [7]. Notice that it only
appears in the higher curvature gravity rather than Einstein grav-
ity. In addition to Wald entropy [16] and the anomaly-like entropy
[5,7,13], a new component of entropy appears in general higher
derivative gravity. It is named as ‘generalized Wald entropy’ in [2]
because of its similarity to Wald entropy. In this note, we mainly
focus on the total gravitational entropy and denote it as the total
entropy below for simplicity.

The note is organized as follows. In Section 2, we briefly review
the HMS entropy discrepancy [1] and two possible resolutions
[2-4]. In Section 3, the method of [3,4] is employed to calculate
the logarithmic term of entanglement entropy for 6d CFTs dual to
Einstein gravity, while in Section 4 we apply the method of [2]. It
turns out that it is the proposal of [2] rather than the one of [3,4]
that can resolve the HMS puzzle. Further evidences for this con-
clusion are provided in Section 5. In Section 6, we show that, in
general, Wald entropy gives different results for equivalent actions,
while the total entropy is indeed well-defined. We conclude with
some discussions in Section 7.

2. The HMS entropy discrepancy

In this section, we briefly review the HMS entropy discrep-
ancy [1]. It was found by Hung, Myers and Smolkin that the
logarithmic term of entanglement entropy derived from the field
theoretical approach does not agree with the holographic result
for 6d CFTs [1]. For simplicity, they only focus on the case with
zero extrinsic curvature.

In the field theoretical approach, the logarithmic term of en-
tanglement entropy can be derived by taking the Weyl anomaly
as a gravitational action and then calculating the ‘entropy’ of
this ‘action’ [1,5]. It turns out that this ‘entropy’ equals to the
logarithmic term of entanglement entropy for CFTs [1,5]. In
6-dimensional space-time, the Weyl anomaly of CFTs takes the
following form

3
=Y Buln+2AEs+Vi]', 2)

n=1

where Bj, A are central charges, Eg is the Euler density, V,-]i
are total derivative terms and I; are conformal invariants given
by

Cn . (3)
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For the entangling surfaces with the rotational symmetry, only
Wald entropy contributes to holographic entanglement entropy.
Thus, we have [1]
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Here Cjjiy are the Weyl tensors, I is the length scale of the entan-
gling surface X and § is the short-distance cut-off that we use to
regulate the calculations. h;; and y“ are the induced metric and co-
ordinates on the entangling surface X, respectively. &;; and gﬁ are
the two-dimensional volume form and metric in the space trans-
verse to X, respectively.

The logarithmic term of entanglement entropy can also be de-
rived from the holographic entanglement entropy. We call this
method as the holographic approach. Taking Einstein gravity as an
example, the logarithmic term of entanglement entropy is given
by [1]
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where we have set Newton’s constant G = ﬁ the AdS radius
L = 1. The definitions of g@ can be found in the Fefferman-
Graham expansion, ie., gjj = gl(jo) + ,og,(]]) + ng,(jz) + ..., for the
asympotically Anti-de Sitter space
dp? 1
ds? = + x, p)dxidx!. 10
a2 pgu( P) (10)

Note that x' with (i = 1,2,...,6) are the coordinates on the
boundary of AdS and y® with (a=1,2,...,4) are the coordinates
on the entangling surface X.

The mismatch between holographic result, eq. (9), and field the-
oretical result, eq. (5), becomes

AS = —47 B3 log(¢/8) / d*yvVh(Cpp"SC™™M gL 5t
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This is the HMS mismatch [1]. Note that the above equations are
derived in the case of zero extrinsic curvatures.

It is proposed to use the anomaly-like entropy and the gener-
alized Wald entropy to explain the HMS mismatch in [2]. When
the extrinsic curvatures vanish, only Cizjk,Cij"l ~ —VmCijk,VmCij"l in
I3 contributes to non-zero anomaly-like entropy. Taking into ac-
count this contribution, the field theoretical and the holographic
results match exactly. Note that the entropy of total derivative
terms vanishes by applying the Lewkowycz-Maldacena regulariza-
tion [6,7]. However, the authors of [3,4] claim that, in addition to
—VimCiju V™ CUK | the total derivative terms Bs Vi (Cyjuy V™ CUK) +
V; ]! also contribute to the logarithmic term of entanglement en-
tropy. They find that the entropy from total derivative terms is
non-zero by applying the regularization of [5]. And they suggest to
utilize the entropy from total derivative terms to explain the HMS
puzzle [3,4]. Whether total derivative terms contribute to non-zero
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