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Born’s reciprocal relativity in flat spacetimes is based on the principle of a maximal speed limit (speed
of light) and a maximal proper force (which is also compatible with a maximal and minimal length
duality) and where coordinates and momenta are unified on a single footing. We extend Born’s theory
to the case of curved spacetimes and construct a deformed Born reciprocal general relativity theory in
curved spacetimes (without the need to introduce star products) as a local gauge theory of the deformed
Quaplectic group that is given by the semi-direct product of U (1,3) with the deformed (noncommutative)
Weyl–Heisenberg group corresponding to noncommutative generators [Za, Zb] �= 0. The Hermitian metric
is complex-valued with symmetric and nonsymmetric components and there are two different complex-
valued Hermitian Ricci tensors Rμν, Sμν . The deformed Born’s reciprocal gravitational action linear in
the Ricci scalars R, S with Torsion-squared terms and B F terms is presented. The plausible interpretation
of Zμ = Ea

μ Za as noncommuting p-brane background complex spacetime coordinates is discussed in
the conclusion, where Ea

μ is the complex vielbein associated with the Hermitian metric Gμν = g(μν) +
ig[μν] = Ea

μ Ēb
νηab . This could be one of the underlying reasons why string-theory involves gravity.

© 2008 Elsevier B.V. All rights reserved.

Born’s reciprocal (“dual”) relativity [1] was proposed long ago
based on the idea that coordinates and momenta should be uni-
fied on the same footing, and consequently, if there is a lim-
iting speed (temporal derivative of the position coordinates) in
Nature there should be a maximal force as well, since force is
the temporal derivative of the momentum. A curved phase space
case scenario has been analyzed by Brandt [2] within the con-
text of the Finsler geometry of the 8D tangent bundle of space-
time where there is a limiting value to the proper acceleration
and such that generalized 8D gravitational equations reduce to or-
dinary Einstein–Riemannian gravitational equations in the infinite
acceleration limit. Other relevant work on the principle of maxi-
mal acceleration can be found in [3]. For a recent monograph on
Finsler geometry see Vacaru [4].

Born’s reciprocal “duality” principle is nothing but a manifes-
tation of the large/small tension duality principle reminiscent of
the T -duality symmetry in string theory; i.e., namely, a small/large
radius duality, a winding modes/Kaluza–Klein modes duality sym-
metry in string compactifications and the Ultraviolet/Infrared en-
tanglement in noncommutative field theories. Hence, Born’s du-
ality principle in exchanging coordinates for momenta could be
the underlying physical reason behind T -duality in string the-
ory. The generalized velocity and acceleration boosts (rotations)
transformations of the 8D Phase space, where X, T , E, P are all
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boosted (rotated) into each-other, were given by [5] based on the
group U (1,3) and which is the Born version of the Lorentz group
SO(1,3). It was found later on [6] that Planck scale Areas are In-
variant under pure acceleration boosts which may be relevant to
string theory.

Invariant actions for a point-particle in reciprocal Relativity in-
volving Casimir group invariant quantities can be found in [7].
Casimir invariant field equations; unitary irreducible represen-
tations based on Mackey’s theory of induced representations;
the relativistic harmonic oscillator and coherent states can be
found in [5]. The granular cellular structure of spacetime, the
Schrödinger–Robertson inequality, multi-mode squeezed states,
a “noncommutative” relativistic phase space geometry, in which
position and momentum are interchangeable and frame-dependent
was studied by [8]. Born’s reciprocity principle in atomic physics
and galactic motion based on (1/r) + (b/p) potentials was stud-
ied recently by [9] with little effect on atomic physics but with
relevant effects on galactic rotation without invoking dark matter.

In this Letter we construct a local gauge theory of the de-
formed (noncommutative) Quaplectic group given by the semidirect
product of U (1,3) with the deformed (noncommutative) Weyl–
Heisenberg group. The U (1,3) arises as the group that leaves in-
variant the interval in 8D phase dxμ dxμ + dpμ dpμ space, as well
as invariant the symplectic two-form ω = ωμν dxμ ∧ dpν , simul-
taneously. The novel result in this Letter is the modification of the
Weyl–Heisenberg algebra, not unlike Yang’s noncommutative phase
space algebra [10].
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The deformed Weyl–Heisenberg algebra involves the generators

Za = 1√
2

(
Xa

λl
− i

Pa

λp

)
,

Z̄a = 1√
2

(
Xa

λl
+ i

Pa

λp

)
, a = 1,2,3,4. (1)

Notice that we must not confuse the generators Xa, Pa (associated
with the fiber coordinates of the internal space of the fiber bun-
dle) with the ordinary base spacetime coordinates and momenta
xμ, pμ . The gauge theory is constructed in the fiber bundle over
the base manifold which is a 4D curved spacetime with com-
muting coordinates xμ = x0, x1, x2, x3. The (deformed) Quaplectic
group acts as the automorphism group along the internal fiber co-
ordinates. Therefore we must not confuse the deformed complex
gravity constructed here with the noncommutative gravity work
in the literature [11] where the spacetime coordinates xμ are not
commuting.

The four fundamental length, momentum, temporal and energy
scales are respectively

λl =
√

h̄c

b
, λp =

√
h̄b

c
, λt =

√
h̄

bc
, λe = √

h̄bc, (2)

where b is the maximal proper force associated with the Born’s
reciprocal relativity theory. In the natural units h̄ = c = b = 1 all
four scales become unity. The gravitational coupling is given by

G = c4

Fmax
= c4

b
(3)

and the four scales coincide then with the Planck length, momen-
tum, time and energy, respectively and we can verify that

Fmax = mP
c2

L P
∼ MUniverse

c2

R H
. (4)

It was proposed in [6] that a certain large (Hubble)/small (Planck)
scale duality was operating in this Born’s reciprocal relativity the-
ory reminiscent of the T -duality in string theory compactifications.
The Hermitian generators Zab, Za, Z̄a, I of the U (1,3) algebra and
the deformed Weyl–Heisenberg algebra obey the relations

(Zab)
† = Zab, (Za)

† = Z̄a, I† = I, a,b = 1,2,3,4. (5)

The standard Quaplectic group [5] is given by the semi-direct prod-
uct of the U (1,3) group and the unmodified Weyl–Heisenberg
H(1,3) group: Q(1,3) ≡ U (1,3)⊗s H(1,3) and is defined in terms
of the generators Zab, Za, Z̄a, I with a,b = 1,2,3,4.

A careful analysis reveals that the complex generators Za, Z̄a

(with Hermitian and anti-Hermitian pieces) of the deformed Weyl–
Heisenberg algebra can be defined in terms of the Hermitian
U (1,4) algebra generators Z AB , where A, B = 1,2,3,4,5, a,b =
1,2,3,4, ηAB = diag(+,−,−,−,−), as follows:

Za = (−i)1/2(Za5 − i Z5a),

Z̄a = (i)1/2(Za5 + i Z5a), Z55 = I
2

, (6)

the Hermitian generators are Z AB ≡ E B
A and Z B A ≡ E A

B ; notice that
the position of the indices is very relevant because Z AB �= Z B A . The
commutators are

[
E b

a , E d
c

] = −iδb
c E d

a + iδd
a E b

c ,[
E d

c , E 5
a

] = −iδd
a E 5

c , [E d
c , E a

5 ] = iδa
c E d

5 (7)

and [E 5
5 , E a

5 ] = −iδ5
5 E a

5 · · · such that now I(= 2Z55) no longer com-
mutes with Za, Z̄a . The generators Zab of the U (1,3) algebra can

be decomposed into the Lorentz-subalgebra generators Lab and the
“shear”-like generators Mab as

Zab ≡ 1

2
(Mab − iLab), Lab = L[ab] = i(Zab − Zba),

Mab = M(ab) = (Zab + Zba), (8)

one can see that the “shear”-like generators Mab are Hermitian and
the Lorentz generators Lab are anti-Hermitian with respect to the
fiber internal space indices. The explicit commutation relations of
the Hermitian generators Zab can be rewritten as

[Lab, Lcd] = (ηbc Lad − ηac Lbd − ηbd Lac + ηad Lbc), (9a)

[Mab, Mcd] = −(ηbc Lad + ηac Lbd + ηbd Lac + ηad Lbc), (9b)

[Lab, Mcd] = (ηbc Mad − ηac Mbd + ηbd Mac − ηad Mbc). (9c)

Defining Zab = 1
2 (Mab − iLab), Zcd = 1

2 (Mcd − iLcd) after straightfor-
ward algebra it leads to the U (3,1) commutators

[Zab, Zcd] = −i(ηbc Zad − ηad Zcb) (9d)

as expected, and which requires that the commutators [M, M] ∼ L
otherwise one would not obtain the U (3,1) commutation relations
(9d) nor the Jacobi identities will be satisfied.1 The commutators of
the (anti-Hermitian) Lorentz boosts generators Lab with the Xc, Pc

generators are

[Lab, Xc] = (ηbc Xa − ηac Xb),

[Lab, Pc] = (ηbc Pa − ηac Pb). (10a)

Since the Hermitian Mab generators are the reciprocal boosts trans-
formations which exchange X for P , in addition to boosting (rotat-
ing) those variables, one has in
[

Mab,
Xc

λl

]
= − i

λp
(ηbc Pa + ηac Pb),

[
Mab,

Pc

λp

]
= − i

λl
(ηbc Xa + ηac Xb), (10b)

such that upon recurring to Eqs. (6), (7) and/or Eqs. (10) after low-
ering indices it leads to2

[Zab, Zc] = − i

2
ηbc Za + i

2
ηac Zb − 1

2
ηbc Z̄a − 1

2
ηac Z̄b,

[Zab, Z̄c] = − i

2
ηbc Z̄a + i

2
ηac Z̄b + 1

2
ηbc Za + 1

2
ηac Zb. (10c)

In the noncommutative Yang’s phase-space algebra case [10],
associated with a noncommutative phase space involving noncom-
muting spacetime coordinates and momentum xμ, pμ , the gener-
ator N which appears in the modified [xμ, pν ] = ih̄ημν N com-
mutator is the exchange operator x ↔ p, [pμ, N ] = ih̄xμ/R2

H and
[xμ, N ] = iL2

P pμ/h̄. L P , R H are taken to be the minimal Planck
and maximal Hubble length scales, respectively. The Hubble up-
per scale R H corresponds to a minimal momentum h̄/R H , because
by “duality” if there is a minimal length there should be a minimal
momentum also.

Yang’s [10] noncommutative phase space algebra is isomor-
phic to the conformal algebra SO(4,2) ∼ SU(2,2) after the corre-
spondence xμ ↔ Lμ5, pμ ↔ Lμ6, and N ↔ L56. In the deformed
Quaplectic algebra case, it is in addition to the I generator, the
Mab generator which plays the role of the exchange operator of X

1 This corrects a typo in [12].
2 These commutators differ from those in [5] because he chose all generators

X, P , M, L to be anti-Hermitian so there are no i terms in the commutators in the
r.h.s. of Eq. (10b) and there are also sign changes.
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