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a b s t r a c t

The practically useful criteria of separable states ρ =


k wkρk in
d = 2 × 2 are discussed. The equality G(a, b) = 4[⟨ψ |P(a) ⊗

P(b)|ψ⟩ − ⟨ψ |P(a) ⊗ 1|ψ⟩⟨ψ |1 ⊗ P(b)|ψ⟩] = 0 for any
two projection operators P(a) and P(b) provides a necessary and
sufficient separability criterion in the case of a separable pure state
ρ = |ψ⟩⟨ψ |. We propose the separability criteria of mixed states,
which are given by Trρ{a·σ⊗b·σ} = (1/3)C cosϕ for two spin 1/2
systems and4Trρ{P(a)⊗P(b)} = 1+(1/2)C cos 2ϕ for twophoton
systems, respectively, after taking a geometrical angular average
of a and b with fixed cosϕ = a · b. Here −1 ≤ C ≤ 1, and the
difference in the numerical coefficients 1/2 and 1/3 arises from
the different rotational properties of the spinor and the transverse
photon. If one instead takes an average over the states in the d = 2
Hilbert space, the criterion for two photon systems is replaced by
4Trρ{P(a)⊗P(b)} = 1+(1/3)C cos 2ϕ. Those separability criteria
are shown to be very efficient using the existing experimental data
of Aspect et al. in 1981 and Sakai et al. in 2006. When the Werner
state is applied to two photon systems, it is shown that the Hilbert
space average can judge its inseparability but not the geometrical
angular average.
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1. Introduction

To characterize the entanglement, the notions of separability and inseparability, which are the
characteristic properties of state vectors in quantum mechanics, are commonly used. On the other
hand, the notion of local realism based on local non-contextual hidden-variables models is also used
to test the properties such as locality and reduction [1,2]. Local hidden-variables models are generally
different from quantummechanics, and thus local realism tests the deviation from quantummechan-
ics also.

In the experimental study of local realism, which is commonly tested by CHSH inequality [2],
it is customary to first confirm the consistency of the measured basic correlation such as the spin
correlation ⟨a ·σ ⊗b ·σ⟩ with quantummechanics and then test the CHSH inequality. If one confirms
the consistency of ⟨a · σ ⊗ b · σ⟩ for any unit vectors a and b with quantum mechanics, one can
naturally apply the criterion of quantum mechanical separability to the correlation. In the present
study, we discuss this aspect of separability test in quantum mechanics. It is well known that the
Peres criterion of the positivity of partial transposed density matrix gives a necessary and sufficient
condition of separability of general density matrix in d = 2 × 2 [3] which we study in the present
paper. However, it is also well-known from the days of Pauli [4] that the reconstruction of the state
vector or densitymatrix frommeasured data is in general very involved [5]. It is thus practically useful
to derive simpler criteria which do not require the precise state reconstruction. The purpose of the
present paper is to derive such separability criteria. We assume the most general separable density
matrix but we use a limited set of two-point correlations and thus obtain only the necessary condition
of separability in general. Nevertheless, we illustrate that our criteria are very useful when applied to
the past experimental data of Aspect et al. in 1981 [6] and Sakai et al. in 2006 [7].

To be specific, we study the general separable quantum mechanical states

ρ =


k

wkρk, (1)

in d = 2×2 = 4; all the states ρk are separable pure quantum states [8]. If the state is a separable pure
state ρ = |ψ⟩⟨ψ |, separability in (1) is quantified by the equality, which is necessary and sufficient,

G(a, b) ≡ 4[⟨ψ |P(a)⊗ P(b)|ψ⟩ − ⟨ψ |P(a)⊗ 1|ψ⟩⟨ψ |1 ⊗ P(b)|ψ⟩] = 0, (2)

for arbitrary two projection operators P(a) and P(b).
In the case of a general mixed ρ, we derive the useful criteria of separable mixed states, namely

Trρ{a · σ ⊗ b · σ} = (1/3)C cosϕ, (3)

for two spin 1/2 systems, and

4Trρ{P(a)⊗ P(b)} = 1 + (1/2)C cos 2ϕ, (4)

for two photon systems with linear polarization projectors P(a) and P(b), respectively: Here −1 ≤

C ≤ 1. The basic new ingredient in our derivation of these criteria (3) and (4) is that we take a
geometric angular average of unit vectors a and b with fixed cosϕ = a · b. It is shown that this
angular averaging, which is originally motivated by the specific experiment [7], does not add a new
burden tomeasurements by analyzing the existing experimental data. The difference in the numerical
coefficients 1/3 and 1/2 in (3) and (4) arises from the difference in rotational properties; the spinor
rotational freedom is 3-dimensional, which agrees with the freedom of the d = 2 Hilbert space, while
the rotational freedom of the photon is two-dimensional, which differs from the freedom of the d = 2
Hilbert space since it is confined in a plane perpendicular to the momentum direction. If one instead
takes an average over the states in the d = 2 Hilbert space, the formula for the photon is replaced by

4Trρ{P(a)⊗ P(b)} = 1 + (1/3)C cos 2ϕ. (5)

This difference between the geometrical angular average and the Hilbert space average is interesting,
and it has an interesting implication on the separability issue of theWerner state [8] which accommo-
dates a specific local hidden-variables representation and thus satisfies CHSH inequality. In the case of
photon, the Hilbert space average can judge the inseparability of theWerner state but the geometrical
angular average cannot.
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