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h i g h l i g h t s

• Quartic identities that define the orthogonality relations for the electron local observables are found.
• Joint solution of quartic and bilinear identities defines a unique natural representation of the electron local

observables.
• Functional dependence of the electron wave functions on the electron local observables is determined.
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a b s t r a c t

An existence of the quartic identities for the electron local ob-
servables that define orthogonality relations for the 3D quantities
quadratic in the electron observables is found. It is shown that the
joint solution of the quartic and bilinear identities for the electron
observables defines a unique natural representation of the observ-
ables. In the natural representation the vector type electron local
observables have well-defined fixed positions with respect to a lo-
cal 3D orthogonal reference frame. It is shown that the natural rep-
resentation of the electron local observables can be defined in six
different forms depending on a choice of the orthogonal unit vec-
tors. The natural representation is used to determine the functional
dependence of the electronwave functions on the local observables
valid for any shape of the electron wave packet.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the electron wave packet is characterized by the 16 local observables
frequently called the bilinear forms (BFs) or bilinear covariants [1–3]. It is also known that the local
observables are not independent as they satisfy the bilinear identities coming from reordering of the
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Dirac partial wave functions [4–17]. From mathematical point of view the bilinear identities also
called the Pauli identities or in most general form the Fierz identities are the direct consequences
of the completeness of the Dirac matrices. In convenient form all the bilinear identities can be
represented by sets of scalar, vector and tensor type equations which include in total 36 one-
component identities [17]. Bilinear identities are usually considered as a useful tool for transforming
different mathematical expressions involving products of the electron wave functions.

Alongside with bilinear identities the electron local observables satisfy the higher-order identities
such as triple or quartic identities. From the formal mathematical point of view the higher-order
identities may have very little interest as any dependent quantities. However, from the physical
point of view the higher-order identities may exhibit new geometric properties absent in lower-order
identities. Qualitatively, one may expect that triple identities cannot give important new geometric
relations as they include only 6wave functions and accordinglymay describe only partial symmetry of
the electronmatter. On the contrary, the quartic identities include 8wave functions, twice the number
of the Dirac functions, and accordingly may reflect the whole symmetry of the electron matter.

In this paper we show the existence of the quartic identities for the electron BFs which describe
the orthogonality relations between the three-component electron quantities quadratic in BFs.
Specifically we find that for any choice of the electron wave functions three scalar products between
the cross products of the three-component BFs are always equal to zero. We show that any of these
three zero scalar products can be used to introduce three orthogonal unit vectors constituting a local
orthogonal reference frame in 3D. Such a frame can be constructed by 6 different ways and may be
considered as a natural local frame for any electron wave packet. The use of such a local frame allows
one to decompose all the three-component electron observables over the chosen orthogonal unit
vectors. Representation of the electron local observables through the local orthogonal unit vectors
also solves the problem of minimal description of the observables as it includes a minimal number of
7 real quantities defined by 4 one-component BFs and 3 orthogonal unit vectors.

We also show that the found natural representation of the electron observables allows one to
construct general functional dependence of the electron wave functions on the local observables. In
particular, we show that the use of the standard representation of the Diracmatrices gives the explicit
structure of the wave functions in the ‘‘amplitude–phase’’ form valid for any shape of the electron
wave packet.

2. Wave equation and bilinear forms

In what follows we use the Dirac equation for the four-component electron wave function ψ =

ψ (r, t) in a form explicitly resolved with respect to the time derivative
i∂0ψ = −iα · ∇ψ + mβψ, (1)

where ∂0 = ∂/∂t ,∇ = ∂/∂r, andα = (α1, α2, α3) andβ are theDirac 4×4matrices. Eq. (1) iswritten
in units h̄ = c = 1. The Dirac matrices are assumed to satisfy usual (anti)commutation relations

αkαl
+ αlαk

= 2δklI, αβ + βα = 0, β2
= I, (2)

where k, l are the ‘‘three-dimensional’’ indices, k, l = 1, 2, 3, and I is a unit 4 × 4 matrix.
It is convenient to introduce the electron local observables by noting that a complete set of

independent 4 by 4 matrices connected with the electron wave functionψ includes the 16 Hermitian
matrices µ, the unit matrix I and 15 Dirac matrices α1, α2, α3, β, . . .. All these 16 matrices can be
obtained by the multiplication of the initial Dirac matrices αk and β and introducing new Hermitian
matrices as shown in the multiplication table of paper [17]. This procedure directly gives the 16
BFs ⟨µ⟩ = ψĎµψ based on the 16 Hermitian 4 × 4 matrices µ = I,α, β, γ, δ, ζ 0, ζ, η where the
additional Dirac matrices are

γ = (γ 1, γ 2, γ 3) = i(α2α3β, α3α1β, α1α2β),

δ = (δ1, δ2, δ3) = −iαβ, ζ 0
= iα1α2α3, (3)

ζ = (ζ 1, ζ 2, ζ 3) = i(α2α3, α3α1, α1α2),

η = −iζ 0β = α1α2α3β.
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