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h i g h l i g h t s

• Symmetric quadratic operators are useful models for many physical applications.
• Any such operator exhibits a pseudo-Hermitian matrix representation.
• Its eigenvalues are the natural frequencies of the Hamiltonian operator.
• The eigenvalues may be real or complex and describe a phase transition.
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a b s t r a c t

We prove that any symmetric Hamiltonian that is a quadratic
function of the coordinates and momenta has a pseudo-Hermitian
adjoint or regularmatrix representation. The eigenvalues of the lat-
ter matrix are the natural frequencies of the Hamiltonian operator.
When all the eigenvalues of the matrix are real, then the spectrum
of the symmetric Hamiltonian is real and the operator is Hermitian.
As illustrative exampleswe choose the quadraticHamiltonians that
model a pair of coupled resonators with balanced gain and loss, the
electromagnetic self-force on an oscillating charged particle and an
active LRC circuit.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In two recent papers Bender et al. [1] and Bender and Gianfreda[2] discussed two interesting
physical problems: a pair of optical resonators with balanced gain and loss and the electromagnetic
self-force on an oscillating charged particle, respectively. In both cases the authors resorted to

E-mail address: fernande@quimica.unlp.edu.ar.

http://dx.doi.org/10.1016/j.aop.2016.03.002
0003-4916/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aop.2016.03.002
http://www.elsevier.com/locate/aop
http://www.elsevier.com/locate/aop
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aop.2016.03.002&domain=pdf
mailto:fernande@quimica.unlp.edu.ar
http://dx.doi.org/10.1016/j.aop.2016.03.002


F.M. Fernández / Annals of Physics 369 (2016) 168–176 169

Hamiltonians that are quadratic functions of the coordinates and momenta to describe the dynamics.
They found that those quadratic Hamiltonians exhibit PT symmetry so that the quantum-mechanical
counterparts show real spectra when PT symmetry is exact.

In the first case Bender et al. solved the Schrödinger equation in coordinate representation bywrit-
ing each eigenfunction as the product of a Gaussian function times a polynomial function of the two
coordinates and obtained suitable recurrence relations for the polynomials. In the second case Bender
and Gianfreda [2] resorted to the approach proposed by Rossignoli and Kowalski [3] that consists in
converting the quadratic Hamiltonian into a diagonal form by means of a canonical transformation of
the creation and annihilation operators.

In two recent papers Fernández [4,5] proposed the application of a simple and straightforward
algebraic method based on the construction of the adjoint or regular matrix representation of the
Hamiltonian operator in a suitable basis set of operators [6,7]. The eigenvalues of such matrix rep-
resentation are the natural frequencies of the Hamiltonian operator. Instead of invoking the PT sym-
metry of the problem the algebraic method takes advantage of the fact that those Hamiltonians are
symmetric.

There are many other problems that can be modelled by quadratic Hamiltonians. For example,
Schindler et al. [8] studied mutually coupled modes of a pair of active LRC circuits, one with ampli-
fication and another with an equivalent amount of attenuation, and found a remarkable agreement
between theoretical results and experimental data. They argued that the gain and loss mechanism
breaksHermiticitywhile preserving PT symmetry. In a discussion of the bandwidth theoremRamezani
et al. [9] resorted to the same system of differential equations derived from Kirchhoff´s laws.

The purpose of this paper is to apply the algebraic method to a general quadratic Hamiltonian in
order to derive some general conclusion about its spectral properties. In Section 2we outline themain
ideas of the algebraic method. In Section 3 we apply the approach to a general quadratic Hamiltonian,
derive the main result of this paper and illustrate the general results by means of two toy models.
In Sections 4 and 5 we discuss the pair of resonators and the electromagnetic self-force mentioned
above. In Section 6 we apply the algebraic method to the Hamiltonian associated to the differential
equations for the active LRC circuit. Finally, in Section 7 we summarize the main results of the paper
and draw conclusions.

2. The algebraic method

We begin the discussion of this section with some well known definitions that will facilitate the
presentation of the algebraic method. Given a linear operator A its adjoint AĎ satisfies

⟨f | AĎ |f ⟩ = ⟨f | A |f ⟩∗ , (1)
for any vector |f ⟩ in the Hilbert space where it is defined. If AĎ = A we say that the operator A is
symmetric. If |ψ⟩ is an eigenvector of the symmetric operator H with eigenvalue E

H |ψ⟩ = E |ψ⟩ , (2)
then ⟨f |H |f ⟩ = ⟨f |H |f ⟩∗ leads to (E − E∗) ⟨ψ | ψ⟩ = 0. Therefore, if 0 < ⟨ψ | ψ⟩ < ∞ then E is real.

The algebraic method enables us to solve the eigenvalue equation for a symmetric operator H
when there exists a set of symmetric operators SN = {O1,O2, . . . ,ON} that satisfy the commutation
relations

[H,Oi] =

N
j=1

HjiOj. (3)

Without loss of generality we assume that the operators in SN are linearly independent; that is to say,
the only solution to

N
j=1

djOj = 0, (4)

is di = 0, i = 1, 2, . . . ,N . It follows from Eq. (3) and [H,Oi]
Ď

= −[H,Oi] that

H∗

ij = −Hij; (5)
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