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a b s t r a c t

The algebraic structures of a general electromagnetic field and its
energy–momentum tensor in a stationary space–time are
analyzed. The explicit form of the reference frame in which the
energy of the field appears at rest is obtained in terms of the eigen-
vectors of the electromagnetic tensor and the existing Killing vec-
tor. The case of a stationary electromagnetic field is also studied
and a comparison is made with the standard short-wave approxi-
mation. The results can be applied to the general case of a struc-
tured light beams, in flat or curved spaces. Bessel beams are
worked out as example.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Structured electromagnetic waves, such as Gauss, Laguerre, Airy, or Bessel beams, are naturally
used in all optics experiments (see e.g., [1–6]). From a theoretical point of view, a structured field
can be analyzed decomposing it into plane-wave modes. However, this well established method
has certain limitations because the algebraic structure of plane-waves is particularly simple. Thus,
for instance, the quantization of a structured electromagnetic field does not yield all the quantum
operators with the usual set of commutation relations, as is the case of Bessel beams [7].

As for the conservations laws, the background space–time must have some symmetry properties in
order to define conserved quantities. In Minkowski space, the Poincaré group provides such symmetry.
In a more general curved space–time, the existence of some Killing vectors is necessary; in particular, a
time-like Killing vector is required for an unambiguous definition of energy and its conservation.

The electromagnetic field tensor admits two scalar quantities that permit its classification into
either null or general fields (see e.g., [8,9]). These two scalars vanishes for plane-waves, but not for
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structured fields such as, for instance, Bessel beams [6]. The aim of the present paper is to analyze the
algebraic structure of a general field and its associated energy–momentum tensor, assuming that the
background space–time admits a time-like Killing vector. A covariant form of the energy–momentum
four-vector is obtained in terms of the eigenvectors of the electromagnetic tensor and the Killing vec-
tor. On the basis of this analysis, it is pointed out, that except for null electromagnetic fields, the en-
ergy of the field does not flow along null world-line; thus the Poynting vector cannot be identified
with the momentum of a massless particle. This may be at the root of the difficulties in quantizing
an electromagnetic field beyond the plane-wave approximation.

The plan of this article is as follows. In Section 2, the natural tetrad associated to the electromag-
netic field is obtained in explicit form. Section 3 is devoted to the definition of energy and momentum
in a space–time admitting a time-like Killing vector. In Section 4, a stationary electromagnetic field
(equivalently a monochromatic wave) is studied and the connection with the usual treatment is made
through the short-wave approximation. The results are obtained in a fully covariant form and can be
applied to a general relativistic study. The particular case of a Minkowski space is presented in more
details in Section 5, together with an application to Bessel beams as an illustrative example. The con-
cept of the photon four-momentum is briefly discussed in the last Section.

2. General formulation

The electromagnetic field is defined by an antisymmetric tensor Fab. Two scalars of the field can be
conveniently defined as

FabFab � 2ðB2 � E2Þ; ð2:1Þ
FabF�ab � 4EB; ð2:2Þ

where the dual tensor of the field is

F�ab �
1
2

ffiffiffiffiffiffiffi�g
p

�abcdFcd

and E and B are scalar functions. Here and in the following, the line element of the background space–
time is taken as ds2 = glmdxldxm, where glm is the metric tensor and g is its determinant. Throughout
this paper, we use the signature (�+++) and set c = 1.

The energy–momentum tensor of the field is

Tab ¼ �Fa:
l Flb � 1

4
gabðFklFklÞ; ð2:3Þ

in Heaviside–Lorentz units. The conservation of energy and momentum, in the absence of charges and
currents, is given by the condition

Tab
;b ¼ 0; ð2:4Þ

which follows from the Maxwell equations.
An elegant algebraic description of the electromagnetic field tensor was elaborated by Plebanski

[9]. Since the original reference is not easily accessible, we repeat the basic results in this section
for the sake of completeness. The starting point is the definition of the matrix

F � fFa
bg;

with eigenvectors k � {ka} given by

Fk ¼ kk ð2:5Þ

and where the eigenvalue k satisfies the equation

k4 þ ðB2 � E2Þk2 � E2B2 ¼ 0: ð2:6Þ

Due to the antisymmetry of Fab, the vector ka is a null-vector:
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