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a b s t r a c t

We study the evolution of odd compass states (specific superpo-
sitions of four coherent states), governed by the standard master
equationwith phase-sensitive amplifying/attenuating terms, in the
presence of a Hamiltonian describing a parametric degenerate lin-
ear amplifier. Explicit expressions for the time-dependent Wigner
function are obtained. The time of disappearance of the so called
‘‘sub-Planck structures’’ is calculated using the negative value of
the Wigner function at the origin of phase space. It is shown that
this value rapidly decreases during a short ‘‘conventional interfer-
ence degradation time’’ (CIDT), which is inversely proportional to
the size of quantum superposition, provided the anti-Hermitian
terms in the master equation are of the same order (or stronger) as
the Hermitian ones (governing the parametric amplification). The
CIDT is compared with the final positivization time (FPT), when
the Wigner function becomes positive. It appears that the FPT
does not depend on the size of superpositions, moreover, it can be
much bigger in the amplifying media than in the attenuating ones.
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Paradoxically, strengthening the Hamiltonian part results in de-
creasing the CIDT, so that the CIDT almost does not depend on the
size of superpositions in the asymptotical case of very weak reser-
voir coupling. We also analyze the evolution of the Mandel fac-
tor, showing that for some sets of parameters this factor remains
significantly negative, even when the Wigner function becomes
positive.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Various superpositions of coherent states (introduced in quantumoptics in [1,2]) have been studied
fromdifferent points of view in numerous papers for almost five decades. In particular,much attention
was paid to different superpositions of N coherent states of the form

N−1
k=0 ck|α exp(2π ik/N)⟩. The

first examples were considered in [3,4], where the coefficients ck were selected in such a way that
the photon statistics remained Poissonian, like in the original coherent states. All such states are
eigenstates of the Nth power of the annihilation operator â, and choosing suitable values of ck one
can construct N orthogonal superpositions. The simplest case of N = 2 was considered for the first
time in [5], where the so called even/odd coherent states |α⟩± = A± (|α⟩ ± | − α⟩) were introduced
(A± is the normalization factor, whose explicit form is not important for our purposes). The states |α⟩+

and |α⟩− are two orthogonal eigenstates of the squared annihilation operator â2. The photon statistics
in the even states is super-Poissonian, whereas it is sub-Poissonian for the odd states. Properties of
states |α⟩±, their generalizations, schemes of generation and evolution under various conditionswere
studied by many authors, cited, e.g., in reviews [6–8]. For more recent publications see, e.g., [9–21].
More general multi-photon states for N > 2 were studied, e.g., in [22–28].

Using four different coherent states |αj⟩ one can construct a lot of different superpositions,
multiplying each state |αj⟩ by different complex amplitudes cj. Interesting specific families of states
arise if one combines two even/odd coherent states |α⟩± and |iα⟩± with different coefficients. The
first such combination |α⟩+ −|iα⟩− was considered in [29]. It is one of eigenstates of operator â4. The
combinations |iα⟩+ ± exp(±iπ/4)|α⟩− were studied in [23], whereas the superposition |α⟩+ +|iα⟩+

(called orthogonal-even state) was introduced in [30]. The sum of states |α⟩− +
1
2 |iα⟩+ appeared

in [31]. All four orthogonal eigenstates of operator â4 in the form of combinations of |α⟩± and |iα⟩±

were introduced under the name four-photon states in [32]. These states (studied also in [33,34]) can
be considered as special cases of a more general family of ‘‘coherent states on a circle’’, introduced
in [35]. For brevity, we shall call them circular states. This name is frequently used nowadays for
superpositions of N coherent states of the form

|α;N;m⟩ = A
N−1
k=0

exp(−2π ikm/N)|α exp(2π ik/N)⟩, (1)

where A is the normalization factor. The states (1) can be represented also as infinite superpositions of
the Fock states |m+Nj⟩ (with j = 0, 1 . . . , ∞ andm = 0, 1, . . . ,N−1), therefore they are orthogonal.
Such states were studied in detail, e.g., in [36–43]. More general superpositions, arising in the process
of evolution of an initial coherent state in Kerr media, were considered in [44] (the special case of
N = 2 was studied earlier in [29,45]); see also the review [46].

The name compass states was coined in [47] for the special case of four-photon states in the form
|α⟩+ + |iα⟩+ (i.e., the same state as in [30]), due to the profile of its Wigner function. The emphasis
in [47]wasmade on the sub-Planck structures in the phase space. Further studies in this directionwere
performed in Refs. [48–55] (the name ‘‘four-headed cat state’’ was used in [55]).
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