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h i g h l i g h t s

• A general framework to describe transient dynamics for periodically driven systems.
• The theory is applicable to generic quantum many-body systems including long-range interacting systems.
• Physical meaning of the truncation of the Floquet–Magnus expansion is rigorously established.
• Newmechanism of the prethermalization is proposed.
• Revealing an experimental time-scale for which non-trivial dynamical phenomena can be reliably observed.
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a b s t r a c t

This work explores a fundamental dynamical structure for a
wide range of many-body quantum systems under periodic
driving. Generically, in the thermodynamic limit, such systems
are known to heat up to infinite temperature states in the
long-time limit irrespective of dynamical details, which kills
all the specific properties of the system. In the present study,
instead of considering infinitely long-time scale, we aim to
provide a general framework to understand the long but finite
time behavior, namely the transient dynamics. In our analysis,
we focus on the Floquet–Magnus (FM) expansion that gives a
formal expression of the effective Hamiltonian on the system.
Although in general the full series expansion is not convergent
in the thermodynamics limit, we give a clear relationship
between the FM expansion and the transient dynamics. More
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precisely, we rigorously show that a truncated version of the
FM expansion accurately describes the exact dynamics for a
certain time-scale. Our theory reveals an experimental time-
scale for which non-trivial dynamical phenomena can be reliably
observed. We discuss several dynamical phenomena, such as
the effect of small integrability breaking, efficient numerical
simulation of periodically driven systems, dynamical localization
and thermalization. Especially on thermalization, we discuss
a generic scenario on the prethermalization phenomenon in
periodically driven systems.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

1.1. Physical background

Periodically driven quantum dynamics has recently attracted much attention in experimental as
well as theoretical studies [1–5] as it offers a promising way for exploring novel quantum phenomena
whichwould be difficult or impossible to observe otherwise. Although the instantaneous Hamiltonian
at each time step is very simple, dynamical behavior can be highly nontrivial. Remarkable dynamical
phenomena include dynamical localization [6–10], coherent destruction of tunneling [11,12,4],
localization–delocalization transition [13–17], and dynamical phase transitions [18–22]. Moreover,
recent experimental development has rapidly opened new possibilities to control quantum systems
under periodic driving, e.g., in the context of quantum transport [5,23–25], quantum topological
phases [26–32] and detections of the Majorana Fermion [33,34] and the Higgs mode in condensed
matter [35].

One of main subjects in driven quantum many-body systems is to understand the thermodynam-
ical structure of steady states. With a few exceptions [10,18–22], recent studies mostly focus on driv-
ing simple (often non-interacting particles) Hamiltonians. However, the integrability-breaking terms
unavoidably exist in the realistic experimental conditions. When one looks at long-time behavior,
even small integrability-breaking terms are relevant to the dynamics and cause significant effects on
the final steady states. This provides the motivation to understand the long-time behavior of ‘generic’
many-body systemsunder periodic driving. Long-time behaviors in driven non-integrable systems are
in general very complicated and cannot be capturedwith simple techniques such as the rotating-wave
approximation and the transfer matrix technique of Landau–Zener transitions [6] etc., and hence one
is obliged to rely on numerical calculations.

Recently, true steady states in the long-time limit have been intensively studied using large scale
numerical calculations [10,36,16]. In the long-time limit, periodically driven many-body systems are
in general expected to heat up to infinite temperature. This is a consequence from the analogy of
eigenstate thermalization hypothesis (ETH) in non-driven many-body systems [37]. The ETH implies
that each energy eigenstate of Hamiltonian is indistinguishable from the microcanonical ensemble
with the same energy. In periodically driven systems, the energy is no longer conserved and hence the
extension of ETH to the driven case indicates that the steady state is a state of infinite temperature
(i.e., the completely random state). Thus, due to the heating effect, any information reflected from the
system is invisible in the infinite-time scale.

However, the experiments on many-body quantum systems do not focus on the long-time limit;
rather, they are interested in the transient dynamics for the experimental time scale. In this time scale,
the heating process cannot necessarily occur, and hence a critical task that follows is to clarify the
time-scale during which one can observe transient behavior that can show nontrivial phenomena.
So far, most studies on transient dynamical properties are based on numerical calculations with
phenomenological arguments.
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