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a b s t r a c t

A multi-parametric version of the nonadditive entropy Sq is intro-
duced. This new entropic form, denoted by Sa,b,r , possesses many
interesting statistical properties, and it reduces to the entropy Sq
for b = 0, a = r := 1− q (hence Boltzmann–Gibbs entropy SBG for
b = 0, a = r → 0). The construction of the entropy Sa,b,r is based
on a general group-theoretical approach recently proposed by one
of us, Tempesta (2016). Indeed, essentially all the properties of this
new entropy are obtained as a consequence of the existence of a
rational group law, which expresses the structure of Sa,b,r with re-
spect to the composition of statistically independent subsystems.
Depending on the choice of the parameters, the entropy Sa,b,r can
be used to cover a wide range of physical situations, in which the
measure of the accessible phase space increases say exponentially
with the number of particles N of the system, or even stabilizes, by
increasing N , to a limiting value.
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This paves the way to the use of this entropy in contexts where
the size of the phase space does not increase as fast as the number
of its constituting particles (or subsystems) increases.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In the last decades, the non-extensive scenario, originally proposed in [1], has been largely inves-
tigated as a new thermodynamic framework allowing to generalize the standard Boltzmann–Gibbs
approach to new physical contexts, where ergodicity hypothesis is violated [2]. At the same time, the
ubiquity of the notion of entropy in social sciences paved theway to fruitful extensions of the standard
information theory of Shannon and Khinchin [3–5] towards new classical and quantum formulations.

The search for newentropic formshas been very active in the last decades.Manydifferent entropies
have been proposed, generalizing the Boltzmann–Gibbs entropy from different perspectives (see,
e.g., [6–17]).

In particular, a group-theoretical approach to the notion of entropy has been advocated in [14].
It is based on the observation that a thermodynamically admissible entropy should satisfy not only
the first three Khinchin axioms (continuity, concavity, expansibility), but also a general composability
property. It amounts to require that, given an entropic functional S, its values on a system defined by
the union of two statistically independent subsystems A and B should depend (in addition to a possible
set of fixed indices; for instance the index q for Sq) on the entropies of the two subsystems only. This
requirement is motivated by the fact that entropy makes sense for macroscopic objects.

Composability can be imposed on full generality (and we shall talk about strict composability
or composability tout court) or at least on subsystems characterized by the uniform distribution
(composability in a weak sense). This last property applies, for instance, when considering isolated
physical systems at the equilibrium (microcanonical ensemble), or in contact with a thermostat at
very high temperature (canonical ensemble).1 In full generality, it amounts to say that there exists a
smooth function of two real variables Φ(x, y) such that (C1)

S(A ∪ B) = Φ(S(A), S(B); {η}) (1)

where {η} is a possible set of real continuous parameters, and A ⊂ X and B ⊂ X are two statistically
independent subsystems of a given system X , with the further properties

(C2) Symmetry:

Φ(x, y) = Φ(y, x). (2)

(C3) Associativity:

Φ(x, Φ(y, z)) = Φ(Φ(x, y), z). (3)

(C4) Null-composability:

Φ(x, 0) = x. (4)

Note that the associativity property is crucial for the applicability of the zeroth law of thermodynam-
ics. The Boltzmann–Gibbs, the Sq, the Rényi entropies and the non-trace form Z entropies [15] are
known to be strictly composable. Instead, the weak composability property is shared by infinitely

1 To be more precise, let us illustrate the BG case. The formula SBG = lnW (assuming W to be finite) applies to both
microcanonical and T → ∞ canonical cases, but, in the former, W refers to the total number of states within a thin slice
of phase space corresponding to a given total energy, whereas, in the latter, W refers to the total number of states within the
entire phase space.
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