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1. Introduction

In this paper we examine the Hamiltonian system which de-
scribes dynamics of the scalar field Friedman-Lemaitre-Robertson-
Walker cosmological model within the framework of the unified
dark matter scenario, see [3,4]. This system is defined by the
Hamiltonian
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This Hamiltonian presented by Lukes-Gerakopoulos et al. in pa-
pers [2,20]| was derived from the formula for the potential

U($) = c1 cosh?(cg) + c2

given in [3], see also [9,10]. Here ¢ is the scalar field and constants
c; c1; ¢y are real numbers. The dynamical system corresponded to
(1) is described by equations

X=Dpx (2)
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which are well-defined on the set M:={y > 0;y > | x|} c R* and
loose their sense on the boundary of M. In these equations the pa-
rameter k # 0 is used for characterizing Gaussian curvature of the
space, i.e. the nonflat case is considered; ‘012 i=1,2, are oscilla-
tors’ “frequencies”, see [2,20] for details. The parameter o = £1 is
introduced for a brief presentation of our results. Here and below
points of the space R* are given by vectors (x, y, px, py)T.

We recall that authors of [20] studied numerically the system
(2) with Hy =0 and values of the curvature k closed to zero in
order to detect chaos by exploiting properties of the deviation vec-
tor. Besides, dynamics of (2) in the flat case k = 0 was analyzed
in [2]| by computing main cosmological functions and cosmological
constraints.

In this work we explore dynamics of (2) for various values of
k and level sets H;1(I), with k;I € R. Our main goal is twofold.
Firstly, we describe invariant domains filled only by unbounded
dynamics. This problem is stated as a problem of finding level sets
H; 1(l) which are free of compact invariant sets. Secondly, we com-
pute one I-parametric set of polytopes ®(I) containing all compact
invariant sets located in H;l(l). It means that all bounded motions
of the system (2) are presented only in ®(l) and if some positive
(negative) half trajectory in H 1(1) is bounded then its @ (o)-limit
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set is contained in ®(l). Here we recall that the role of «- and
w-limit sets is discussed in many works in the context of behav-
ior of cosmological models at early and late times, see e.g. [11,27]
and others.

Finding invariant domains which are free of compact invari-
ant sets is of substantial interest for the analysis of unbounded
dynamics. This problem is nontrivial for Hamiltonian systems be-
cause these systems preserve phase volumes and, as a result, it is
difficult to derive conclusions on the existence of unbounded do-
mains filled by unbounded dynamics only. It is worth to mention
that unbounded dynamics studies of nonlinear systems draw at-
tention of many researchers during the last decades, see e.g. works
concerning unbounded dynamics of Rossler system; Rikitake sys-
tem; robust unbounded attractors; open integrable Hamiltonian
systems; in the context of proofs of nondissipativity in the sense of
Levinson for the phase flow, using Poincaré compactification, anal-
ysis of trajectories with finite-time blow-ups and other topics, see
e.g. [1,5-8,12,18]. For Hamiltonian systems with more than one de-
gree of freedom their dynamics may vary significantly for different
level surfaces. For example, we can meet a situation when there
are no compact invariant sets in some level surfaces while in oth-
ers they may exist. Therefore one may localize parameters defining
Hamiltonian level surfaces which do not contain any compact in-
variant sets. This problem is partially solved in our paper.

Another important problem explored in this work concerns the
localization of w-limit sets for the Hamiltonian system (2). The
interest to this problem is caused the fact that w-limit sets con-
sist of points characterizing the late time states of the universe.
Therefore their localization domains can be considered as a space
approximation of w-limit sets and may be used for a prediction of
possible late time dynamics. This comment is also true in a rela-
tion to a localization of «-limit sets as a possible tool in studies of
early time state of the universe.

Our approach has been recently exploited in papers [25,26] for
analysis of unbounded dynamics of various cosmological systems
and is based on the solution of the localization problem of compact
invariant sets, [15,16], and the LaSalle theorem. Besides, we men-
tion that papers [17,22-24] contain results on analysis of global
dynamics for various cosmological systems which is based on the
localization method of compact invariant sets as well.

The phase flow of a Hamiltonian system preserves phase vol-
umes in virtue of the Liouville’s theorem. As a consequence, we
have that any Hamiltonian system does not possess an attractor,
i.e. a compact invariant set which attracts all points from some
set with a non-empty interior. Objects possessing some features of
attractors have appeared in a research of various Hamiltonian sys-
tems formed by cosmological scalar fields. They are called appar-
ent attractors in the opposite to true attractors mentioned above.
We recall that a detailed discussion concerning true attractors and
apparent attractors is contained in [21]. In the paper [20] the nu-
merical study of the apparent attractor is realized for the space
with k=1073.

The localization method of compact invariant sets described
briefly in Section 2 is capable to localize apparent attractors be-
cause this localization method is based upon solving the condi-
tional extremum problem rather than Lyapunov ideas, see discus-
sion concerning a comparison of these methods in the end of
[16]. Our approach applied to the system (2) provides us compact
localization domains in the form of one-parameter set of poly-
topes O(]).

The structure of the paper is as follows. In Section 2 we in-
troduce helpful preliminaries. In Sections 3-5 we assume that
w% > a)f. In Section 3 we describe the cases for which the sys-
tem (2) has no compact invariant sets: 1) in the invariant domain
M for the case of the open universe (k < 0), 0 = £1, and 2) in
sets M N H;1(l), with [ € (—o0, Inin(0)), for the case of the closed

universe (k > 0) and o = 1. Here the value I, (o) is defined
precisely by the condition that the level set H!(Imin(0)) contains
the unique equilibrium point E = (0, 3'/4k3/4w, >/*, 0, 0). The cos-
mological meaning of these assertions consists in the observation
that the universe cannot recollapse and its expansion continues
eternally. Further, Section 4 contains main results of this work
which are derived for the case of the closed universe. Namely, we
construct one [-parameter set of polytopes containing all compact
invariant sets in invariant sets M N H;l (1), with [ > l4in(0). These
polytopes are obtained in the 4-step procedure which is based on
finding bounds for real roots of some cubic equations. As a result,
we establish that the recollapse of the universe may occur only
within these polytopes. In Section 5 we prove that the system (2)
possesses the invariant plane IT := {x = px = 0}. In Section 6 we
establish a curious fact that in case o =1 and a)f > a)% the sys-
tem (2) has a nonchaotic dynamics. Besides, the plane IT contains
the w-limit set of each bounded half trajectory in M. Concluding
remarks are presented in Section 7.

2. Useful background and preliminaries

Let us introduce a system
X=F(x) 3)

where F(x) is a n-variate rational vector function on R" which is
well-defined on the open domain W C R™. By ¢(x,t) we denote
a solution of (3), with ¢(x,0) =x for any x € W. Let h(x) be a
differentiable function on the domain U € W such that h is not
the first integral of (3). By Lrh we denote the Lie derivative of
the function h and by S(h; U) we denote the set {x € U | Lrh(x) =
0}. Further, we define hiyr(U) := inf{h(x) | x € S(h; U)}; hsyp(U) :=
sup{h(x) | x € S(h; U)}. The following result, [15,16], is used in this
paper:

Assertion 1. 1) Assume that S(h;U) # (. Then each compact in-
variant set T of (3) contained in U is located in the set K(U) :=
{hinf(U) < h(x) < hsyp(U)}NU as well; K (U) is called a localization set.
2)If S(h; U) = @ then the system (3) has no compact invariant sets con-
tained in U.

Also, we shall exploit the following result, see [19].

Assertion 2. Consider cubic equation u® + qu +r =0, r % 0. 1) If this
equation has only real roots B;, i = 1,2,3, then rn;;lxﬁi2 < —4q/3.
2) If this equation has the unique real root 8 then % > —4q/3.

In order to get the upper bound for g2 in the second case we
apply the change u =v~!, with v #0, in this cubic equation and
come to the equation v3 + qr—'vZ 4+ r~! = 0 which also has the
unique real root equal to f~!. Then we eliminate the quadratic
term in the last equation by another change of variables and apply
Assertion 2. As a result, we come to the estimate 82 < 9r2q—2/4.

In the sequel we shall exploit the notation v (x, y) = (3123—1%

3. On unbounded dynamics of the system (2)

Below by f we denote the corresponding vector field of (2)
and we shall use the notation S(h) := S(h; M). In this section we
describe domains filled only by unbounded dynamics. Firstly, we
mention that if k > 0 then the system (2) has the unique equi-
librium point E located in M; if k < O then the system (2) has
no equilibrium points located in M, [20]. The authors of [20] con-
cluded from this observation that in case of the negative curvature
the system (2) has only unbounded dynamics and the universe
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