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Transformation method provides an efficient tool to control wave propagation inside the materials. Using
the coordinate transformation approach, we study invisibility cloaks with sphere, cylinder and ellipsoid
structures for electronic waves propagation. The underlying physics behind this investigation is the fact
that Schrodinger equation with position dependent mass tensor and potentials has a covariant form
which follows the coordinate transformation. Using this technique we obtain the exact spatial form of

the mass tensor and potentials for a variety of cloaks with different shapes.
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1. Introduction

The theory of wave propagation and controlling them can be
expressed in a unified framework irrespective of the nature of
waves varying from optical, acoustic, and even matter waves. The
basic idea of theoretical methods for cloaking and controlling
waves is to use the covariant form of the corresponding wave
equation and then employ a suitable space-time transformation.
In reality we cannot deform the space to control wave propagation
and the corresponding metrics cannot be changed. Alternatively,
we can use the inverse of the obtained coordinate transformation
to find the spatial or in some cases the temporal variations of the
medium parameters in order to get the desired wave propagation.
The medium parameters depending on the characteristics of the
wave could be different. However in the most studied case of elec-
tromagnetic waves they are electrical permittivity and magnetic
permeability [1]. Considering the covariant form of wave equations
which is satisfied in all frames, the transformation from the Carte-
sian coordinate system to generalized curvilinear coordinates can
be easily obtained. Then by applying the inverse transformation,
the material constitutive parameters can be obtained for a cloak-
ing in the real physical space.

Two decades ago Pendry’s proposed a theoretical model in or-
der to have an invisibility cloaks for the electromagnetic waves [1].
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Further studies showed how one can control electromagnetic
fields in general situations by manipulating the material prop-
erties which mathematically mimics a general coordinate trans-
formation [2-7]. The basic principle of the so-called transforma-
tion optics for electromagnetic wave propagation is the fact that
Maxwell’s equations have a covariant form which is preserved by a
general spatial mapping. Very interestingly it has been shown that
a very similar property does exist in other kinds of waves such
as acoustic wave. Therefore we can have transformation acoustics
which originates from the invariance of the acoustic wave equation
under coordinate transformations [8]. In acoustics cloaking and
more generally controlling acoustic waves propagation the medium
parameters which must have spatial variations are pressure, mass
density and bulk modulus.

Beside the classical waves with optical or acoustic natures,
very recently it has been proven that quantum mechanical matter
waves can also be controlled via spatial dependence of parameters
like the effective masses and local potentials [9]. This originates
from covariance of Schrédinger equation with position dependent
mass and potential terms governing the non-relativistic quantum
mechanical waves. Therefore similar to electromagnetic and acous-
tic waves, we can achieve the matter waves cloaking by spatially
controlling of the potentials and effective masses of the particles
inside the cloak. Controlling matter waves in quantum mechani-
cal systems has opened a new field which has been led to new
phenomena and applications. For instance recently controlling of
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matter waves under the global Aharonov-Bohm effect and Cloak-
ing spin matter waves have been investigated [10,11].

In this work, we find the coordinate transformation in order
to have sphere, cylindrical, and ellipsoidal cloaks for electronic
waves propagating according to the Schrédinger equation. Then us-
ing the inverse transformation the spatial form of effective mass
tensor and the potential in a way that the wave propagation takes
place equivalently to the corresponding deformed space in order
to have the cloaking behavior. These findings could be useful in
various applications including those related to electrical device en-
gineerings based on semiconductors as well as quantum storages
based on controllable cloaking by applying local gate voltages for
instance [12-17]. In the remainder of the paper first we will intro-
duce the theoretical formalism with more details. Then the results
for the variety of exactly solvable situations with highly symmetric
shapes will be presented. Finally the last section will be devoted
to the conclusions.

2. Theoretical formalism

We start the theoretical formulation of matter waves cloaking
with the time independent Schrédinger equation with an effective
mass tensor /i which in general is position dependent [18-20]. The
time-independent Schrodinger equation for anisotropic materials is
given by:

hz
—5 V-V + VY = Ey (1)

in which V (7) indicates the potential profile. In general effective
mass tensor can be merged for instance due to the crystallographic
structure and subsequently the general quadratic band dispersion
for electrons inside the solids. In particular in certain semicon-
ductors the effective masses has a tensorial form which can in-
cludes anisotropic off diagonal terms (m;;). To obtain transforma-
tion equations, one can rewrite Eq. (1) as two coupled first order
differential equations,

2
i=m"1vy, —}%V.ﬁ:(E—V)l/f. 2)
In order to obtain the general covariant form of the Schrodinger
equation in a curvilinear frame, we use the components denoted
by x' and X" for the original and the transformed coordinate sys-
tems, respectively. For the sake of simplicity we only focus on the
orthogonal bases in which the metric tensor has a diagonal form.
Writing down the divergence of the vector and the gradient of the
wave function in the transformed coordinate, we obtain,

h?. 1 JE Y
( Z)J—BX’ (himffhjaxf’)

=(E-V)y, (3)
where g = (hyhah3)? = (det[h;j])? is the determinant of the metric
tensor and h; = (ﬁ(—’f, are the Lame coefficients h;j = h;8;; (8;; de-
notes the Kronecker delta). Because the Eq. (3) is covariant under

coordinate transformation so its form will not change in any new
coordinate system and subsequently we can write,

.o 1 oy
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Comparing the two Egs. (3) and (4) one can obtain the correspond-
ing relation between the effective mass tensors and the scalar
potentials in two different frames which are given by,

—)=(E-V)y. (4)

mi'i" gxJ’
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m'J 77 =E+/g(V-E). (5)

Now for any desired form of matter wave propagation it is
sufficient to first find the suitable transformation from original
Cartesian space to a deformed one. Then in application instead
of deforming the space we can use the corresponding space de-
pendent form of the mass tensor and the potentials. In particular
using these equations, the general conditions for the matter wave
cloaking can be obtained as we will discuss for certain geometries
in the next section. Throughout the paper we focus on the elastic
scatterings by the position dependent potentials and mass terms.
Therefore we assume that the energy (frequency) of the quantum
waves in the Egs. (5) is constant.

3. Results and discussion

In the following we will present the exact analytical results for
the coordinate transformations as well as the corresponding mass
tensors and the potentials for a variety of matter wave cloaks with
spherical, cylindrical, and ellipsoidal geometries. The clocking be-
havior is also illustrated using the shape of the cloaks and the
behavior of propagating rays through them.

3.1. Spherical cloak

The spherical cloak is the simplest cloak and so initially we
consider a spherically symmetric transformation. This transforma-
tion compresses the space contained in volume of radius b into a
spherical shell of inner radius a and outer radius b and outside of
the radius b is not affected under the transformation (see Fig. 1).
According to the transformation relations between x' and x" which
indicate the old and new components, respectively, we find the co-
ordinate transformation as below,
0'=0. ¢'=0, (6)
where g(r) is a monotonic radial scaling function. We note that
when r =a then g(a) =0 and also when r =b then g(r) = b. Us-
ing the invariants of the transformation, the unit vectors in the
original space and transformed space must be equal which means
’ri,’ =2 5r', =Y and % = Z. these relations originates from the fact
that our transformation i 1s radially symmetric and subsequently the
following relation holds,

r'=g(n),

xi/ Xi o
Invoking the relationship between r and ' [Eq. (6)
write,

] we can

X' = g(r)x?a;". (8)

Now using this equation, the transformation h is calculated with
the following form,

hij = ¢ P [g( )—]

N PIORE ) LGP (©)

P . 1
where g'(r) = % and r = (x'x¥8;)2. The components of the
above expression can be also written in the matrix form as,

FO5S + 50 fnY f0%
(hij] = fn% fL +£0 fn% . (10)
fn3 fn% 5+
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